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Network data are ubiquitous in the real world, capturing pairwise and high-order relations among objects.
We introduce a class of measure-theoretic network objects, termed partitioned measure networks, that
generalize many existing representations of network data, including graphs, hypergraphs and augmented
graphs (i.e. graphs whose nodes are associated with categorical classes). We then propose a metric, the
partitioned network distance, between partitioned measure networks, which extends both the Gromov-
Wasserstein distance for graphs and the co-optimal transport distance for hypergraphs. By characterizing
the geometry of the space of partitioned measure networks, we provide a unified theoretical treatment
of generalized network structures encompassing both pairwise and higher-order relations. In particular,
we show that this metric endows the space with an Alexandrov geometry of non-negative curvature and
leverages this structure to define gradients for certain functionals commonly encountered in geometric
data analysis. We further extend our framework to incorporate node-level label information and derive
efficient computational schemes for utilizing the partitioned network distance in practice. Equipped with
these theoretical and computational advances, we demonstrate the utility of our framework across diverse
applications, including hypergraph alignment, clustering and dictionary learning from ensemble data,
multi-omics alignment, as well as multiscale network alignment.
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1. Introduction

Modelling relations among objects or concepts is a central task across the natural sciences, engineering,
as well as arts and humanities. Graphs are a conventional approach to model pairwise relations
between objects. Many real-world systems, however, involve higher-order interactions among three or
more objects. In biochemical reaction networks, reactions typically involve multiple chemical species
simultaneously [34]. In coauthorship networks, papers are written jointly by any number of authors
[75]. And in a theatrical play, each scene can be viewed as a higher-order interaction among a group of
characters [21]. These systems cannot be modelled as graphs without information loss. Instead, we need
to introduce more general structures, such as hypergraphs, simplicial complexes and cell complexes, to
capture their full relational complexity [6].

A natural question arising from the study of graphs is how to compare them: specifically, how to
characterize the distance or degree of similarity between two graphs. This is not straightforward, since
two graphs may vary in the number of nodes and comparisons must be invariant under permutation [63]
and other symmetries. The complexity involving graph data has driven the development of an extensive
tool set for graph comparison and matching [72], including spectral methods [27, 27, 45, 63] and
graph kernels [10, 58]. Among these methods, Gromov-Wasserstein couplings of metric measure spaces
(i.e. metric spaces equipped with measures) have proven fruitful from theoretical and computational
perspectives [43]. A coupling between measures is a relaxed notion of correspondence between objects
[43], and it creates a joint probability space with the desired measures as its marginals. By modelling
graphs as metric measure spaces and considering couplings between them, a notion of Gromov-
Wasserstein distance between graphs emerges in terms of a least distortion principle. This distance is in
fact a pseudometric, and the space of graphs (considered up to a natural notion of equivalence) can thus
be formalized as a metric space endowed with the Gromov-Wasserstein metric [17]. The geometry of the
space of metric measure spaces, endowed with this metric, was studied in detail by Sturm [62] and was
shown to be an Alexandrov space with curvature bounded below. This is a powerful characterization that
allows well-defined notions of geodesics, tangent spaces and gradient flows. As a consequence, objects
such as geodesics and Fréchet means are generally non-unique, posing challenges for statistical analysis
of network-valued data. This stands in contrast to well-studied spaces such as that of phylogenetic trees
[7,46] (also known as the Billera—Holmes—Vogtmann tree space), which is characterized by non-positive
curvature.

Computationally, the Gromov-Wasserstein framework formulates the distance between two graphs
as an optimal value of a non-convex quadratic program defined over a set of feasible couplings. Efficient
computational schemes have been developed to find local minima of this problem, giving rise to a
versatile algorithmic toolbox for graph analysis that has gained wide adoption in the statistics and
machine learning communities [51].

While the Gromov-Wasserstein approach to graph comparison has been a foundational tool for
understanding the space of graphs from a geometric viewpoint, in its basic form, it is insufficient to
model higher-order systems such as hypergraphs. A hypergraph consists of a set of nodes and a set of
hyperedges (i.e. subsets of nodes); if each hyperedge contains exactly two nodes, then a hypergraph
reduces to a graph. A hypergraph can be used to encode multi-way relations among nodes. Recently,
Chowdhury et al. [20] introduced Gromov-Wasserstein type distances between hypergraphs, based on the
co-optimal transport (COOT) framework of Redko et al. [53]. Framing hypergraphs as metric measure
spaces, Chowdhury et al. showed that the space of hypergraphs can be characterized as a metric space;
however, an in-depth geometric description of this metric space remains to be fully developed.
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Fic. 1. Schematic illustration of the types of generalized networks considered in this paper. The first three types are described
in Definition 2.1: (i) A measure network [17] N = (X, i, w) is visualized as a set of nodes X whose size corresponds to the
probability measure j, with edge weight between nodes x and x” reflecting the kernel value  (x, x'). (ii) A measure hypernetwork
[20] H = (X, 1, Y,v,w) is visualized as a two sets of weighted nodes in different colours, representing X and Y, with edge
weights reflecting the value of the kernel w (x,y); in this setting, only nodes from different sets can be connected by an edge. (iii)
An augmented measure network [24] A = (X, i, Y, v, wx, wxy) is similarly visualized as a pair of sets of weighted nodes (with
different colours), where edge weights now reflect two kernels; wy (x, x') connects nodes within the set X, while wyy (x, y) connects
nodes between distinct sets. In Definition 2.7, we introduce a generalization of these structures: (iv) shows a k-partitioned measure
network withk =3, P = ((X is ,u,-)?:l s w), where there are three weighted node sets (indicated by different colours) and the edge
weights reflect the value of the kernel @ (which is allowed to connect nodes from any of the three sets). We show in Theorem 1 that
network structures of the form (i)—(iii) can be considered as partitioned networks, and that this embedding preserves certain notions
of distances defined in prior works, with respect to the metric we define in Definition 2.12—this embedding is schematically
indicated by the arrow in the diagram. Likewise, the space of partitioned networks embeds in to a larger space of structured
networks. (v) A k-labelled partitioned measure network with k = 3 (Definition 3.1), (P, (L,')?zl), is illustrated. Here, P is a 3-
partitioned measure network and each ¢; is a map from the node set X; into a metric space A;. We show in the proof of Theorem 3
that the space of partitioned networks embeds isometrically in to the space of labelled partitioned networks.

In this paper, we introduce a general class of network objects called partitioned measure networks,
which generalize a number of measure-theoretic objects recently introduced in the literature: measure
networks [17], measure hypernetworks [20] and augmented measure networks [24]; see Fig. 1, and
Remark 2.3 for further discussions. A k-partitioned measure network is a graph structure whose nodes
are separated into k classes, and this partitioning should be taken into account when comparing these
structures. For instance, a hypergraph can be represented as a bipartite graph between two partitions
corresponding to its sets of nodes and hyperedges, respectively, implying that any hypergraph can be
modelled as a two-partitioned measure network. Additional examples are provided in Example 2.9. We
further consider k-partitioned measure networks whose nodes are endowed with attributes in auxiliary
metric spaces, referred to as labelled k-partitioned measure networks.

Contributions. We highlight our contributions below. First, we equip the space of partitioned
measure networks with a family of transport-based distances formulated as the minimum of a quadratic
distortion functional over k-partitioned couplings (i.e. measure couplings that respect the class structures
of the partitioned networks). This choice of distance is shown to be a bona fide metric (up to a
natural equivalence relation), and we explicitly construct isometric embeddings of measure networks,
hypernetworks, and augmented measure networks into this space; see Definition 2.8 and Theorem 1. This
overarching framework constitutes the primary contribution of the paper, as it enables the simultaneous
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derivation of geometric properties for several specialized instances, namely, networks, hypernetworks
and augmented networks, as described below. Although many of the proof techniques we employ extend
standard arguments from the literature (e.g. [17, 43, 62, 68]), the central message of the paper is that
these techniques share a unifying underlying principle, which our framework makes explicit.

Second, we characterize geodesics in the space of partitioned measure networks and show that it is
an Alexandrov space with curvature bounded below; see Theorem 3. As an extension to our analysis, we
consider the addition of labels to partitioned measure networks, which provides a generalization of the
so-called Fused Gromov-Wasserstein (FGW) problem [68]. When labels reside in a Hilbert space, we
show that our geometric characterization of geodesics and curvature also applies; see Theorem 5.

Third, our theoretical contributions provide a unified treatment of a family of generalized networks,
which encompass multiple network objects recently introduced in the literature [17, 20, 24, 53]. This
allows us to provide a common geometric description of these spaces. To the best of our knowledge, in
the settings of labelled measure networks, measure hypernetworks, and augmented measure networks,
these characterizations are new. We conclude our theoretical contributions in Section 4, with a brief
discussion of the Riemannian geometric concepts of tangent spaces, exponential and logarithmic maps,
and gradients in the space of k-partitioned measure networks, which are crucial for practical applications
in learning algorithms. We remark here that a recent paper [5] also provides a general framework for
studying several variants of the Gromov-Wasserstein distance, but that the results therein are disjoint
from the ones presented here: the framework of the present paper captures different variants of Gromov-
Wasserstein distance than that of [5], and the curvature bounds and Riemannian structures established
here are not treated in [5].

Fourth, we demonstrate the utility of our framework on computational case studies, which bring
together the theoretical ideas. We provide a connection between the Gromov-Wasserstein network
matching problem and a family of spectral network alignment algorithms [27, 45]. To our knowledge,
this connection has not been explicitly pointed out in prior work. We show that partitioned measure
networks provide a more natural and flexible extension to the hypergraph alignment problem, and we
demonstrate in numerical experiments that transport-based approaches are more accurate and efficient
than spectral methods.

We illustrate the practicality of our methods with applications to metabolic network alignment,
simultaneous sample and feature alignment in multi-omics data and multi-scale network matching. We
formulate each of these problems in terms of partitioned network matching. In addition, we investigate
some more complex tasks on the space of partitioned networks that exploit their geometric properties.
For example, we provide computational characterizations of geodesics and barycenters in the space
of measure hypernetworks. We introduce geodesic dictionary learning as a bi-level problem on the
space of (partitioned) measure networks, from which we motivate linearized dictionary learning [71]
as a fast approximate algorithm. We conclude by demonstrating the utility of geodesic dictionary
learning in synthetic hypergraph block models as well as networks derived from atomic and topological
representations of small molecules.

Overview. The remainder of the paper is organized as follows. In Section 2, we introduce precise
definitions of various spaces of generalized networks and define our new variant of the Gromov—
Wasserstein distance—the partitioned network distance—on these spaces. We establish its fundamental
metric properties. Section 3 extends these ideas by incorporating node features into partitioned networks,
leading to a new metric endowed with additional geometric properties, including curvature bounds.
The deferred proofs from earlier sections follow as corollaries of these general results. In Section 4,
we investigate the Riemannian structures implied by our curvature bounds and illustrate them through
computational examples. Section 5 presents an extensive collection of computational experiments and
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applications of our framework, supported by an open-source implementation available at https://github.
com/zsteve/partitioned_networks. We conclude in Section 6 with a discussion of future directions, and
describe additional technical details of our numerical methods in the Supplementary material.

2. Metric geometry of spaces of generalized networks
2.1 Spaces of generalized networks

We first review some notions of generalized networks, and Gromov-Wasserstein type distances between
them, which have appeared previously in the literature.

2.1.1 Generalized networks Let us first recall some definitions of generalized network structures in
the literature. These use the following notational conventions: given measure spaces (X, u) and (Y, v),
we use L”(u) to denote the space of p-integrable functions on X (for p € [1, 00]) and we use u ® v to
denote the product measure on X x Y.

DeriNiTION 2.1 (Various notions of generalized networks). Let p € [1, oo].

1. A measure p-network [17] is a triple N = (X, i, w), where X is a Polish space, u is a Borel
probability measure on X, and w : X x X — [0, 00) is an element of L7 (u ® ). Let AP denote
the collection of all measure p-networks.

2. A measure p-hypernetwork [20, 53] is a five-tuple H = (X, u, Y, v, ) consisting of Polish spaces
X and Y endowed with Borel probability measures u and v, respectively, and w : X x Y — [0, 00)
is an element of L7 (1 ® v). Let .77 denote the collection of all measure p-hypernetworks.

3. An augmented measure p-network [24] is a six-tuple A = (X, u, Y, v, wy, wyy), consisting of
Polish spaces X and Y endowed with Borel probability measures p and v, respectively, and wy :
XxX — [0,00) and wyy : X x Y — [0, 00) are elements of L (u®u) and LP (u ®v), respectively.
Let 2P denote the collection of all augmented measure p-networks.

We will frequently suppress explicit mention of the parameter p, as the appropriate value will
typically be either unimportant or clear from context; e.g. when referring to certain LP-type metrics.
The functions w, wy, wyy, etc., will loosely be referred to as network kernels.

ExampLE 2.2. We now provide prototypical examples of the structures defined above.

1. A metric measure space is a measure network (X, i, ®) such that w satisfies the axioms of a
metric, and the topology of X is induced by the metric. This was the original setting where the
Gromov-Wasserstein distances were formulated; see [42, 43] and the related work [61]. More
general examples of measure networks frequently come from the setting of graph theory, where
X is a finite set of nodes, w encodes node affinities and w is some choice of weights on the nodes
(e.g. uniform). For example, weighted adjacency functions are used as network kernels in this
framework to represent protein—protein interaction (PPI) networks in [31], and heat kernels are
used in [19] for the purpose of uncovering community structures in graph datasets.

2. A hypergraph is a set V of nodes and a set E of subsets of V, each of which is referred to as a
hyperedge. The containment or incidence relation can be encoded as a functionw : V x E —
{0, 1}, so that picking probability measures 1 and v (say, uniform) yields a measure hypernetwork
(V, u, E, v, ). This representation was used in [20], where it was applied, for example, to simplify
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hypergraphs representing complicated social interactions. The notion of a measure hypernetwork
therefore generalizes the notion of a hypergraph. One also obtains a measure hypernetwork from
a data matrix, where X is an indexing set for samples, Y is an indexing set for features, o (x,y)
is the value of the matrix for sample x and feature y and p and v are some choices of weights.
Applications to analysis of ensembles of data matrices was a main motivation for the introduction
of this formalism in [53].

3. One can obtain an augmented measure network by taking (X, u,Y,v,®) to be a measure
hypernetwork representation of a data matrix, setting wyy = w and taking wy to be some relational
function on the rows, such as distance between samples in the data space. This approach was taken
to model multi-omics data in [24], with a view toward integrating several single-cell multi-omics
datasets.

ReEmARk 2.3 (Representations as graph structures). Figure 1 provides schematic representations of the
generalized networks defined above. To interpret this, one should conceptualize a measure network as a
fully connected, weighted graph with a node set X and edge weights encoded by w. From this perspective,
it is natural to consider a measure hypernetwork as a bipartite weighted graph, where X and Y define the
two classes of nodes. Then, w defines edge weights for the complete bipartite graph, while there are no
edges joining pairs of nodes in X or pairs of hyperedges in Y. Finally, an augmented measure network can
be viewed similarly, with the difference being that edges between nodes in X are permitted with weights
encoded by wy (and bipartite edge weights being encoded by wyy). These interpretations lead to the
k-partitioned measure network formalism introduced in Section 2.2. See Definition 2.8 and Remark 2.10
for a more formal justification of these representations.

REmMARK 2.4 (Finite and continuous spaces). The concept of measure hypernetwork was introduced in
[53], somewhat less formally, and primarily as a model for data matrices (so X and Y were assumed to be
finite). This definition was formalized and extended to the setting of infinite spaces in [20] (in a slightly
less general form than what is presented here, as network kernels were assumed therein to be bounded and
the underlying Polish spaces were assumed to be compact for many results). The computational examples
of practical interest are, of course, always defined over finite spaces; the main motivation for extending
the definition to infinite spaces is to allow us to consider the collection of all measure hypernetworks as a
complete metric space with respect to the distance defined below. Similarly, the notion of an augmented
measure network was introduced for finite spaces in [24], and the more formal definition provided above
is novel.

2.1.2  Generalized network distances For each flavour of generalized network described in Defini-
tion 2.1, there has been an associated notion of distance introduced in the literature. They all have a similar
structure, defined in terms of optimizing over measure couplings, as in the Kantorovich formulation
of classical optimal transport (see [50, 70] as general references on optimal transport). Below, we use
projy : X x X’ — X and projy, : X x X’ — X’ to denote coordinate projections on some product sets,
and for a Borel measurable map p : X — Y of topological spaces, we use pyu to denote the pushforward
to Y of a Borel measure x on X.

DEerFINITION 2.5 (Measure coupling). For probability spaces (X, 1) and (X', u”), we say that a measure 7
on X x X' is a coupling of p and p/ if its left and right marginals are equal to w and ', respectively;
that is, (projy)u7 = w and (projy )4 = u'. Let IT(i, ') denote the set of all couplings of 1 and p'.
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Let us now establish some convenient notational conventions that will be used throughout the rest
of the paper. We always use N and N’ to stand for measure networks, with the underlying data always
being implicitly denoted N = (X, u,w) and N' = (X', u/, @"). We similarly use H, H' for measure
hypernetworks and A, A’ for augmented hypernetworks. That is, when referring to H, the underlying data
isimplicitly givenby H = (X, i, Y, v, ), unless explicitly stated otherwise. For functions 7 : AXxB — R
and 7/ : A’ x B — R, the difference t — t’ is understood to be the function defined on A x A’ x B x B’
as follows:

T—7:AxA ' xBxB - R
(a,d’,b,b) — t(a,b) —1'(d, D).
Given a measure space (X, ), we use || - || () o denote the standard norm on L7 (u). With these

conventions in mind, we recall some metrics which have been introduced on the generalized network
spaces of Definition 2.1.

DeriniTION 2.6 (Generalized network distances). Let p € [1, oo].

1. The network p-distance or Gromov-Wasserstein p-distance [17] between measure networks
N,N € 47 is

1
d y»(N,N):= inf =|w—ao .
o ) el 3 I l1r (r@m)

2. The hypernetwork p-distance [20, 53] between measure hypernetworks H, H' € P is

1

dypy(H,H) = inf =|o—o .

,_%’I( ) . 2” ”U’(n@%)
EeTl(v,yy)

3. The augmented network p-distance [24] between augmented measure networks A, A’ € .&/? is

1 1/p
degp @A) = inf = (lloy = @ em + loxy — Oy lpee) -
el (uu) 2
Eell(vy)

In the following section, we unify these generalized network concepts and distances (as well as
others) under a common framework. We will use this common framework to derive various metric
properties of these distances simultaneously.

2.2 Partitioned measure networks and generalized networks

One should observe the similarities between the various notions of generalized network in Definition 2.1,
and the optimal transport-inspired distances between them described in Definition 2.6. In this section,
we describe a new structure that simultaneously generalizes these ideas.

2.2.1 Partitioned measure networks Let us now introduce a new generalized network structure.

DeriNiTioN 2.7 (Partitioned measure network). Let k£ be a positive integer and p € [1,00]. A k-
partitioned measure p-network is a structure of the form P = ((X;, ui)le , ), where
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8 S.Y. ZHANG ET AL.

* each (X;, u;) is a Polish probability space such that X; N X; = ¢} for i # j, and
* using the notation X := L;X; and u := >"; p;, w : X x X — [0, 00) is an element of L (u ® ).

To simplify notation, we sometimes write (X;, u;) instead of (X;, ui)i.‘: 1» (X;) instead of (X,»)f.‘:1 and
(u;) instead of (/Li)f.‘z |- We use @,f to denote the collection of all k-partitioned measure p-networks.

It is often the case that the particular values of k and p are not important, in which case we abuse
terminology and refer to the objects defined above as partitioned measure networks. In line with those
established above, we follow the notational convention that P and P’ are implicitly assumed to stand for
partitioned measure networks P = ((X;, 4;), ) and P’ = ((X], iu}), ®’). Observe that a one-partitioned
measure network is just a measure network; that is, 47 = 5”{’ . Next, we observe below that we could
embed the various notions of generalized networks (from Definition 2.1) into the space of partitioned
measure networks 5.

DeriniTION 2.8 (Generalized network embeddings). We have the following families of embeddings.
1. Foreachk,lete ;| : &, — ;. be the map taking P € 2 to

Ejet1(P) 1= ((Xi’l‘bi)i:ll’gk,k+l(w))’

where X;, | consists of a single abstract point, i, is the associated Dirac measure, and the
network kernel is defined by

eppp1 (@) 1 U X) x U X) - R,

_ [ @@y @) e WX x LX)
Ekr1 (@) v) = [ 0 otherwise.
In particular, ¢, , gives an embedding A7 < @g . For k < ¢, we define ¢ : ﬁf — 325 by

€ke = €0-1,6°" " O ki1

2. Letey : AP — P be the map taking H € 7 to

& (H) i= (X, ), (Y, ), & (@)
where

w(u,v) ueXandvey,

&y (@)(u,v) = 0 otherwise.

3. Letey : &P — 3”5 be the map taking A € 2/ to

£y (A) := (X, ), (Y, ), & (wy, wxy)) ,
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GEOMETRY OF THE SPACE OF PARTITIONED NETWORKS 9

where

wy(u,v) u,veX;
&y, wxy),v) := 7 wxy(u,v) ueXandvey;
0 otherwise.

ExampLE 2.9 (Partitioned networks). The generalized network embeddings defined above show that
measure networks, hypernetworks and augmented hypernetworks can be considered as two-partitioned
networks, so that this structure encompasses those described in Example 2.2. Another source of examples
of k-partitioned networks is the notion of a dataset with a categorical class structure. That is, consider a
(say, finite) dataset of points X such that each x € X belongs to one of k different classes—for example,
X could consist of a set of images, and the images could be assigned classes based on subject matter
(e.g. cats, dogs, etc.). This class structure can be encoded as probability measures by taking u; to be a
uniform measure supported on those points belonging to class i. The supports then define the required
partition of X = LI;X; and any choice of network kernel w on X gives a representation of the multiclass
dataset as a k-partitioned measure network.

ReMARK 2.10 (Intuition for the embeddings). Remark 2.3 gives interpretations of generalized networks
in terms of graph structures, illustrated schematically in Fig. 1. The embeddings defined above formalize
these intuitive descriptions mathematically. For example, if H € 7 is a representation of a hypergraph,
then ¢ ,,»(H) gives a representation of H as a bipartite graph.

2.2.2  Partitioned network distance 'We now define a distance between partitioned measure networks,
using the concept of a partitioned coupling.

DeriNTioN 2.11 (Partitioned coupling). Given k-tuples of probability spaces (X;, s1,)*_; and (X}, u)%_,,
let

IT (), () i= T (g, i) X o X T (g, 7).

An element (7,)%_, of IT; (1), (11})) is a k-partitioned coupling. To simplify notation, we sometimes
denote k-partitioned couplings as (57;) instead of (ni)fle.

DerniTioN 2.12 (Partitioned network distance). For p € [1, 00), the partitioned network p-distance
between partitioned measure networks P, P’ € *@1[; is

| k 1/p
d»(P,P) = inf — lo—ao|E,, ) (2.1)
7 () M) 1)) 2 le W riem)
For p = oo, we define
1
dpo(P,P) = inf —max ||o — @ ||;0(+ .00 (2.2)
7 M) 2 i L (mimy)
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10 S.Y. ZHANG ET AL.

REMARK 2.13. In the above definition and throughout the rest of the paper, we slightly abuse terminology
and consider each 7; as a probability measure on X x X' = (U LX) x (U jXJf ) (which is supported on the

subset X; x X7).

ReEMARK 2.14 (Connection to labelled Gromov-Wasserstein distance [55]). A notion of Gromov-
Wasserstein distance is introduced which is essentially equivalent to our partitioned network distance
[55]. However, the treatment in that paper is very much from a computational perspective, and a formal
definition of the distance is not provided. The usefulness of such a metric is demonstrated by applications
to cross-modality matching for biological data. We remark that [55] uses the terminology labelled
Gromov-Wasserstein distance; we use the term labelled differently below, in Section 3.

When k =1, a’gzzl» is simply the Gromov-Wasserstein distance d _,,. We will show below that, for

arbitrary k, d r induces a metric on ng modulo a natural notion of equivalence, which generalizes

the known result in the Gromov-Wasserstein case. Before doing so, we show that the embeddings of
generalized networks of Definition 2.8 preserve the notions of distance that we have defined so far.

THeEOREM 1. The maps from Definition 2.8 preserve generalized network distances:
1. for k < &, dyg (&1 (P), & (P)) = d%f (P, P); in particular, dgzg (e12(N),81,(N") =
d:/VP (N9 N/)’

2. dgr(ep(H) e 0 (H) = d ypp (H, H):;
3. and d (e (A). £,/ (A) = d oy (A A).

Proof. We provide details for the p < oo case, with the proof for p = co following by similar arguments.
For the first claim, it suffices to consider the case where £ = k 4+ 1. Let P,P' € 32,‘? . Any (m;) =

(7'[1-)£.‘=1 € IT, ((1), (/L;)) extends uniquely to a (k + 1)-partitioned coupling of (ity,. .., py, iy ) and
(WY ees g M;chl)’ namely, (7, ..., 7, T ), where m; | the Dirac mass on the singleton set X, | x
X, +1- We have that

k+1 k+1

NP _ /\ 1P
Z &g k1 (@) = & goyr (@ )”U(T[i@nj) = Z e kr1(@) = €1 @@, )
ij=1 i=1

k1
NP
+ Z ||£k’k+1(a)) - 8k,k+1(w )||U(7Tk+1®7'[j)
J=1
k
NP
+ D et (@) = e (@ Wir ri@my)
ij=1
k
— ne
=2 lo—o Ip (i)
ij=1

where the last line follows because & ;,(®w) = & ;,(@) = 0 on the supports of 7; ® m; | and
Ty ® 7j. And moreover, Ekk+1 (w) = wand & ;4 (') = o' on the support of each 7 @ 7 with
i,j < k. Since the k-partitioned coupling (i;) was arbitrary, the first claim follows.
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GEOMETRY OF THE SPACE OF PARTITIONED NETWORKS 11

Let us now prove the third claim; the case for hypernetworks is proved using similar arguments, so
we omit the details here. Let A,A” € &/P and letw € IT(u, ') and & € I1(v,v'). Then (y, 7,) = (77, §)
is a two-partitioned coupling of (u, v) and (1, v’), and we have

2
N _ rop 1P
D e @) = e/ @) momy = lox = O 1T egm) + loxy = Oy 1T rge):
ij=1
by reasoning similar to the above. Since 7 and & were arbitrary, this completes the proof. U

2.2.3  Metric properties of the partitioned network distance To describe the exact sense in which d P
is a distance, we need to introduce some equivalence relations on partitioned measure networks.

DEerFINITION 2.15 (Strong and weak isomorphism). We say that k-partitioned measure networks P and P’
are strongly isomorphic if, for each i = 1, ...k, there is a Borel measurable bijection ¢; : X; — le
(with Borel measurable inverse) such that (¢,)up; = ,u;, and w(x,y) = o' (¢;(x), ¢j(y)) for every pair
(x,y) € X; x X;. The tuple (¢;) = ((;bi)ifz1 is called a strong isomorphism.

A tuple (¢;) of maps ¢; : X; — X is called a weak isomorphism from P to P’ if (¢;)yu; = /, and
wx,y) = o' (¢;(x), qu(y)) for u; ® ,uj-almost every pair (x,y) € X; x X;. We do not require each ¢, to
be a bijection in this definition.

We say that P and P’ are weakly isomorphic if there exists a third partitioned measure network
P = ((X;, 1), ®) and weak isomorphisms (¢;) from P to P and (¢/) from P to P

It is straightforward to show that weak isomorphism defines an equivalence relation on &7; we use
P ~ P’ to denote that P is weakly isomorphic to P’. For P € 27, let [P] denote its equivalence class
under this relation and let [9,’3 ] denote the collection of all equivalence classes.

Using the embeddings from Definition 2.8, there is an induced notion of weak isomorphism on the
spaces of generalized networks. Let [.#7], [2P] and [.«/P] denote the collections of weak isomorphism
equivalence classes of measure networks, measure hypernetworks and augmented measure networks,
respectively.

Weak isomorphisms of measure networks and of measure hypernetworks are introduced in [17] and
[20], respectively. It is straightforward to show that the induced notions from Definition 2.15 agree with
those already established in the literature. The aforementioned papers show thatd ,-, and d ,, descend to
well-defined metrics on [.47] and [7#P], respectively. The following theorem generalizes these results,
in light of Theorem 1.

THEOREM 2. The k-partitioned network p-distance d P induces a well-defined metric on [9,’; 1.
Putting Theorems 1 and 2 together, we obtain the following corollary.

CoroLLARY 2.16. The generalized network distances d -, d ,» and d , induce well-defined metrics on
[AP], [#£P] and [ /7], respectively. The embeddings from Definition 2.8 induce isometric embeddings
of each of these spaces into [3”5j ].

‘We will abuse notation and continue to denote the induced metric on [@f lasd P> and take a similar
convention for the other induced metrics.

REMARK 2.17. The case of 47 in the corollary was proved in [17] and the case of 7P was proved in
[20] (those papers assumed boundedness of the w-functions, but this restriction is easily lifted in those
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12 S.Y. ZHANG ET AL.

proofs). In [24], a relaxed version of triangle inequality was proved for the augmented network distance
in the finite setting. Corollary 2.16 strengthens [24, Proposition 1] to show that d, satisfies the true
(non-relaxed) triangle inequality.

Theorem 2 follows as an easy corollary of a more general result in the following section, so we defer

its proof to Section 3.1.2.

2.2.4 Geodesics and curvature We can say more about the metric properties of the partitioned
network distance. To state our next result, we first recall some standard concepts from metric geometry;
see [11, 14] as general references.

DeriniTION 2.18 (Geodesics and curvature). Let (X, d) be a metric space.

1. A geodesic between points x,y € X is a path y : [0, 1] — X with y(0) = x, y(1) = y and such
that, forall 0 < s <t < 1, we have

d(y(),y (1) = (t — 9)d(x,y).

If there is a geodesic joining any two points in X, we say that (X, d) is a geodesic space.

2. Suppose that (X, d) is a geodesic space. We say that (X, d) has curvature bounded below by zero
if for every geodesic y : [0, 1] — X and every point x € X, we have

d(y (),%)? = (1 — 0d(y(0),x)? + td(y (1),x)> — t(1 — Hd(y(0), y (1))*

for all ¢ € [0, 1].
3. We say that (X, d) is an Alexandrov space of non-negative curvature if it is a complete geodesic
space with curvature bounded below by zero.
The next main result follows from a more general result below. We defer its proof to Section 3.2.3.

THEOREM 3. For any k > 1, ([9,?], d(@,%) is an Alexandrov space of non-negative curvature.

Combining Theorem 3 (along with its proof techniques) with Corollary 2.16 leads to the following
result. We also defer the details of this proof to Section 3.2.3.

CoroLLARY 2.19. Each of the spaces ([JVZ],d=/Vz), ([%2],01%2) and ([ﬂz],dﬁz) is an Alexandrov
space of non-negative curvature.

RemARK 2.20 (Prior curvature results). The fact that ([.42],d y2) is an Alexandrov space of non-
negative curvature was essentially proved by Sturm in [62, Theorem 5.8] (there the space of symmetric
measure networks was considered, i.e. where the function w : X x X — R is assumed to be symmetric;
the proof still works if this assumption is dropped, as was observed in [18]). This result is new for the
other spaces of generalized networks in Corollary 2.19.

3. Extension to labelled networks

We consider, as an extension to the discussion so far, the setting of k-partitioned measure networks where
each element of X; (1 <i < k) is associated with a label element that lives in a metric space.
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GEOMETRY OF THE SPACE OF PARTITIONED NETWORKS 13

3.1 Labelled partitioned measure networks

Let us begin by defining a labelled notion of a k-partitioned measure network, and the distances between
these objects.

DerniTioN 3.1 (Labelled k-partitioned measure networks). Let (A;,d Ai) (1 < i < k) be fixed metric
spaces, which we consider as spaces of labels. A labelled k-partitioned measure p-network is a tuple
(P, (Li)f?zl), where

© P=(Xpu)ig.0) € P
» eachof the; : X; — A, is a measurable function, which we refer to as a labelling function;
» each function X; x X; — R defined by (x,y) — dAl_(L,-(x), t;(y)) belongs to L (u; @ ;).

We frequently simplify notation and write L = (P, (L,-)) for a labelled k-partitioned network. We
denote by .Z @’; the space of labelled k-partitioned measure p-networks, where it is understood that the
label spaces (A;,d ) are fixed.

ExampLE 3.2 (Node-attributed networks). The main examples of labelled partitioned networks come
from node-attributed network structures. For example, consider a measure network N = (X, u, w) €
AP representing a graph via some graph kernel w. In applications, the node set X may be attributed
with auxiliary data—for example, if the graph encodes user interactions on a social network, then each
node may be attributed with additional user-level statistics. This situation can be modelled as a function
t : X > A, where A is the attribute space (e.g. A = R™). The structure (IV, () defines an element of

The partitioned network distance (2.12) can be naturally generalized to .Z ,@i

DerNITION 3.3 (Labelled partitioned network distance). Let 1 < p < oo and let L = (P, (1)) L =
(P’, (L;)) e &£ 9’; be two labelled partitioned measure networks. Then, we define the labelled k-
partitioned network distance to be

k k 1/p
Lot = o 3 (210 Mnony + 2 o Gl |- G
This extends to the p = oo case as
dgg(L, L) = inf 1rnax (qu lw — @'l 1 (g, > Max [|d 4, 0 (;, L;)”Loo(n,)) . (32
(T eMe((i)- (1)) 2 ij i@ i i

REMARK 3.4. We could include a balance parameter to weight the contributions of the network kernel
term (i.e. the first summation) versus the labelling function term (the second summation) in (3.1).
Such a parameter is included in the definition of FGW distance [68], which has a similar structure.
The connection between d P and FGW distance is explained precisely in Section 3.1.2. We avoid

the inclusion of the balance parameter in our formulation, as it is unimportant from a theoretical
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14 S.Y. ZHANG ET AL.

standpoint and can been absorbed into the definitions of network kernels and label functions in practical
applications.

A simple (but useful) observation is that the distances can be written as nested £”-norms.! For the
rest of the paper, let || - ||, denote the £P-norm on R” for p € [1, oo]. We abuse notation and use the same
symbol |- ||, for the norm on spaces of various dimensions, with the specific meaning always being clear
from context. Then, the labelled k-partitioned network distance can be expressed as

p)

(H (llw - w/”LP(m-@nj))l. H ) ‘
dllp

for all p € [1,00]. We have made one more abuse of notation by considering the collection

1
" .
dy o (LL) = inf

2 , (3.3)
(o) €M (1), (1)) 2

(Id 4, 0 @i tDllp (),

p

. . . . 2 .
lw — | U,(m@ﬂj))ij, which is most naturally indexed as a k x k matrix, as an element of R* in

order to apply the &7 -norm to it.

3.1.1 Metric properties of the labelled distance 'We now show that df@i defines a metric, up to a

natural notion of equivalence. Strong and weak isomorphisms of partitioned networks (Definition 2.15)
extend to the case of labelled partitioned measure networks in a straightforward way.

DeriniTION 3.5 (Weak isomorphism of labelled partitioned measure networks). We say that labelled -

partitioned measure networks L = (P, (1;)) and L' = (P’, (1)) are strongly isomorphic if the underlying

partitioned measure networks P and P’ are strongly isomorphic (see Definition 2.15) via bijections ¢;

X; — X such that ;(x) = ¢/(¢(x)) for u;-almost every x € X;. B 3 3
_We say that L and L' are weakly isomorphic if there exists L = (P, (7;)) € £Z;, with P =

((X;, 1t;), ®), such that

* there exist weak isomorphisms (¢;) and (¢/) from P to P and P/, respectively; that is, ¢; : X; — X;

and ¢ : X; — X/ satisfy the conditions given in Definition 2.15;

* and the maps ¢; and ¢/ additionally satisfy
L;(0) = (P () = (9" ),

for fz;-almost every x € X;.

One can easily verify that weak isomorphism again defines an equivalence relation on .2 22", and
we write [P, (1;)] for equivalence classes and [.Z 9,’;] for the quotient space.

The next theorem is analogous to Theorem 2, which establishes the metric properties of d gr. In fact,
the deferred proof of Theorem 2 will follow easily from this result (see Section 3.1.2).

THEOREM 4. The labelled k-partitioned network p-distance d g induces a well-defined metric on
(22}

The proof generally uses arguments that are standard in the literature on Gromov-Wasserstein
distances, e.g. [17, Theorems 2.3 and 2.4], but requires extra care in handling the k-partitioned couplings

! In this paper, L7 is the norm defined in terms of a measure, whereas 7 is the standard norm on R”, which does not depend
on any measure.
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GEOMETRY OF THE SPACE OF PARTITIONED NETWORKS 15

and additional manipulation of L”-norms to establish the triangle inequality. In particular, the L”-norm
calculations have not been used in the literature previously, and lead to a clarification of the properties
of FGW distance [68], as we describe in detail in Section 3.1.2. We begin with some important technical
lemmas.

LemMa 3.6. The infima in (3.1) and (3.2) are always realized by partitioned couplings.

Proof. Let (P, (1), (P, (1)) € £ P We have IT((,), () = IT(iy, i) X -+ x (g ). By
[62, Lemma 1.2], each IT(u;, j4}) is compact (as a subspace of the space of probability measures on
X; x le, with the weak topology), so it follows that IT, ((u;), (N«E)) is compact as well. By the proof of
[20, Lemma 241], for each (i, ), the function

T (g ) X (s 1) = R (171) > Nl = &l

is continuous in the p < oo case and lower semicontinuous in the p = oo case. Similarly, the function
Ty ) = Remy— ||d 2,00 )| () 18 continuous (respectively, lower semicontinuous) if p < 0o
(respectively, p = 00). It is then straightforward to see that the objectives of (3.1) and (3.2) inherit these
properties as functions on IT, ((;), (,u;.)). In either case, it follows from compactness that the infima are
achieved. (I

The proofs of Theorem 4 and results later in the paper will use the following standard result from
optimal transport theory. In the statement, and throughout the paper, we use proj; : YVOxylix...xy" —
Y" to denote the coordinate projection map from a product of sets to its ith factor.

Lemma 3.7 (Gluing Lemma; see, e.g. Lemma 1.4 of [62]). Let (Y}, v;) be Polish probability spaces (for
i = 0,...,n). For a collection of measure couplings &§; € IT(v;,_;,v;), i = 1,...,n, there is a unique
probability measure & on Yy x Y| x -+ x Y, with the property that

(projifl X PfOJ'i)#é =&

foralli=1,...,n.

The measure € from the lemma is called the gluing of the measures &;. We denote it as £ = & XEK
o RE,.

Proof. (Proof of Theorem 4). The function d o P is clearly symmetric. We now establish the triangle
inequality. Let L = (P,(;;)),L' = (P',((),L" = (P, (})) € LZ,. By Lemma 3.6 there exist
partitioned couplings (7;) € IT;((1;), (1;)) and (7r}) € I, ((}), (u})) that realize the infima in the
distances, respectively, between P, P’ and P, P”. Let & = m; X v/ W 7/’ denote the probability measure
onX; x X! x X;//; fori=1,...,k, obtained from the Gluing Lemma (Lemma 3.7). Letting &, denote the
pushforward to &; to X; x X', we have that (&,) € IT,((i;), (). Using the expression (3.3), we get the
desired triangle inequality from the triangle inequality for the /- and ¢”-norms and for d 4 :

4

w — (,()// D (£:RE: )
(H(” lvees),,

=<

b
p

(”dA,- o (¢, L;/)Hzﬁ(g,-))in)H
P
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= ( '(Ha) - Cl)””U:(gi@gj))iJ Hp > (”dAi o (¢, L;/)”U)(gi))in)H
p

( (10 -+~ Iy s ))iJH [ (1,0 oty + s, o 6 L;./)HU@,.))I_Hp)

p

IA

p

bl

IA
/N

/ / //
(||a) - ”U’(§i®§j) tlo —o ”U’@i@éj))i,j‘p

H (“dA,- ° (Li’L;)”U’(gi) +lldy; o (L;"Lg/)””’(g"))iup) H
14

(Y ——)
p p

(10,0 codto) |, [+ (o 6 01) | )
(H (10 = &l eety), J’ Ce (L,'»t;)”U’(é,v))l.Hp)
(H (||a)' - w”||U(§i®§j))iJ‘
i
(J0 - h5.05,),

IA

1,,

=

)

p

(s, o (t;,L;f>||U,(§i))in)

),

(”dA,‘ o (L;’L;/)”U’(T;/i))iﬂp)

+

’
p

p

)

(”dA,' o (ti’ L;)”U’(ﬁ,))l‘

+

9’
p p

We note that lines where measures are changed in the L/-norms follow by marginalization (for example,
the first equality that exchanges §; for &; and §; for £;). This proves that the triangle inequality holds.
Finally, let us show that dggﬂ; (L,L") = 0if and only if L and L’ are weakly isomorphic. Suppose
that L and L’ are weakly isomorphic. Let L € % 2, denote the auxiliary space from the definition
of weak isomorphism. It is easy to show that d o g (L, L) = d g g (L, ') = 0,50 d p g (L, L') = 0
follows by symmetry and the triangle inequality. Conversely, suppose that d o " (L,L") = 0. By Lemma
3.6, there is a partitioned coupling (7;) such that |jw — w/”U’(m@nj) = |ldy, o (u» L;.)||U,(m,) = 0 for all
i,j = 1,...,k. Define )_(l- = X; x X], t; = m; and @((x,x), (y,y')) = w(x,y). The maps ¢, : )_(l- - X;
and ¢, : )_(l- — X! from the definition of weak isomorphism are coordinate projection maps. One can
then show that this gives a weak isomorphism of P and P’. Finally, define a new labelling function
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GEOMETRY OF THE SPACE OF PARTITIONED NETWORKS 17

[ )_(i — A; by 1;(x,x") = 1;(x). Since dA’, is a metric, it must be that ¢;(x) = L;(x/) for mr;-almost every
x,x) e X; x Xl/ , so this labelling function satisfies the condition in the definition of weak isomorphisi]

3.1.2  Consequences and comparisons to other results We now give a proof of Theorem 2, which says
that the (unlabelled) partitioned network distance is a metric, and which then implies that various other
generalized network distances in the literature are metrics as well (Corollary 2.16).

Proof. (Proof of Theorem 2). Consider the map which takes a k-partitioned measure network P to the
labelled k-partitioned measure network (P, (¢;)), where (A;,d Ai) is the one-point metric space for all i
(hence ¢; is the constant map for all i). Clearly, we have

d«@f (P,P) = dggi ((P, ), (P, (L:))),

since the labelling term in the definition of d ¢ P vanishes. Thus, the map P — (P, (¢;)) induces a

bijection from [ 2] to [.£ 27| which takes d o0 10 d g v, and it follows that d gp is a metric. 0

Next, we give a more precise comparison between the distance d g and the FGW distance of Vayer
et al. [68]. The FGW distance is defined in the context of labelled measure networks; that is, inthe k = 1
setting, where we write elements as (N,t), with N = (X, u,w) € A4 and ¢ : X — A, and in which case
the distance d o P reduces to

/7] . 1 /1P NP l/p
dg (.0, )= inf > (1= & Wy rmy + s 0 W) o B

for p < oo. In contrast, the FGW distance depends on several more parameters, but the version of it
which is closest to (3.4) would read as

dFGW’p((N? L)’ (N/’ L/))

. 1/p
— e o/ (10043) = 0/ 6 4y (0. WD) im0 )
reM () 2 \JXx X/ xXxX'

1
= inf =|lo—0o|+d,o@l .
ceril 3 Il | +d, 0O pgen

Although the distances d o " and drgy , treat the same type of object, the above shows that their
formulations are subtly but legitimately distinct.

Remark 3.8 (Triangle Inequality for FGW). The situation described above is slightly murky, as several
articles following [68] have formulated the FGW distance more in line with (3.4); see e.g. [12, 28, 65].
However, as far as we are aware, the primary references for FGW distance have not established a triangle
inequality for any of its formulations. In particular, [65, 68] both give relaxed variants of the triangle
inequality for different versions of FGW, where the larger side of the inequality involves an extra scale
factor. Theorem 4 therefore gives a novel proof of the triangle inequality for FGW, when expressed in the
form (3.4). We note that the triangle inequality for FGW was also recently established via an independent
argument in [5, Corollary 4.3].
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3.2 Alexandrov geometry of labelled partitioned networks

Next, we characterize geodesics and curvature in the space of labelled partitioned measure networks. For
the rest of the section, we will assume the following conventions:

*  We assume that the label spaces (A;,d ) are geodesic spaces. This is sometimes specialized further
to assume that the label spaces are Hilbert spaces, but this specialization will always be pointed out
explicitly in the statements of our results.

*  We will restrict our attention to the case p = 2, and simply write . <7, in place of £ @,%

The following is a generalization of Theorem 3; recall that the proof of that theorem was deferred—
we will prove it in Section 3.2.3 as a corollary.

THEOREM 5. Let each A; (1 < i < k) be a Hilbert space with inner product -, -) A Then, for any k£ > 1,
([-£ P;).d ¢ »,) is an Alexandrov space of non-negative curvature.

We will prove this by establishing the necessary properties as propositions. The proof techniques
used in this section are largely adapted from the seminal work of Sturm [62]. Indeed, an important point
is that Sturm’s proof techniques, originally in the setting of Gromov-Wasserstein distance, are still valid
even when the k-partitioned coupling and labelling structures are introduced. However, these structures
complicate the calculations, hence details are provided below.

3.2.1 Geodesic structure We first prove two results on the geodesic structure of [.£ Z,].

ProposiTion 3.9. Forany k > 1, ([.ZZ;],d & o) 1s a geodesic space. For labelled k-partitioned measure
networks L = (P, (1)),L' = (P, () € £ 2, a geodesic from [P, (1;))] to [P, ()] is given by [L'] =
[P, (t?)], t € [0, 1], defined as follows. The underlying k-partitioned measure network P’ is

P' = ((X; x X, 7)), "),

where (77;) is a k-partitioned coupling, which realizes d ¢ 5 (L, L), and o : (UX;) x (|_|in() — Ris
defined by

@' (5, X), (1,)) = (I = Dox,y) + 10 (¥, y). (3.5)
The labelling function (:}) is given by
GiX;x Xi — Ay, dnx) = yl.x’x/(t), xx €X; xX],

where yl-x’xl 1 [0,1] — A, is a geodesic between ¢;(x) and t;(x’) foreachl <i <k.

Proof. It is straightforward to show that L° is weakly isomorphic to L and L' is weakly isomorphic to
L'. To show that [L'] defines a geodesic, it suffices to show that

dyop (L) < (1 = $)d g 1, (L, L), (3.6)
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GEOMETRY OF THE SPACE OF PARTITIONED NETWORKS 19

forall s,t € [0, 1] with s < £ (see, e.g. [16, Lemma 1.3]). Let (7r;) € IT,((i,), (M;)) be optimal (Lemma
3.6) and set

1, = (idX,-xX[f X idxixxl{)#”i € M (m;, ;)
foreachi=1,...,k. Then
k k
4-dyy (L, L) < D 0 =72 g1+ D lda; 0 @iDlTa - 3.7)
i j i
ij=1 i=1

Applying the various definitions, it is straightforward to show that, for each pair (i, ),

s 12 (2 2
||Cl) w ”Lz(lni@lnj) - (t S) ||Cl) w ||L2(ﬂi®ﬂj).

2

(1) is equal to

To bound the last term in (3.7), observe that the term ||d 4, o (i}, Dl

// d 5 (X)), 0, 3))* d1 (6, x), (3)) =/

dAl- (Lf (-x’ xl)’ l;-‘(x, x/))2 dﬂ:i (xs x/)'
XixX!

i

(XixX))?
We have that, forall0 <s <t <1,
dy (02, 06 X)) = dy (7 (), 75 (1)) = (1 = )d o, (40, (),

where the second equality follows by geodesity of y“’. This implies
, 2
lda, 0 (D2, = (2= 9)? /X L da (10, ;)™ o (x, x).
1 i>< i

Putting all of this together yields the desired inequality (3.6). (]

ProrosiTion 3.10. Let us now assume that each of the A;, 1 < i < k are inner product spaces with inner
products (-, ) 4., associated norms || - || 4, and metrics d 4, induced by their norms. Then any geodesic
in [(£ <] can be written in the form given in Proposition 3.9: for any geodesic [P, (Lf)],t e [0,1]
between [L] and [L'], there exists an optimal coupling (;) € IT,((11;), (11;)) such that [P', (L;)] is weakly

isomorphic to ((X; x X!, 1;), ', y!) where ' is given by (3.5) and where

70 = (L= Du) + 1),

We will use some additional notation and terminology in subsequent proofs.
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20 S.Y. ZHANG ET AL.

DEerNiTION 3.11. Let A be an inner product space with inner product (-, -) , and induced norm || - || 4. For
a probability space (Z, ), consider the space of functions ¢ : Z — A such that

/Z lL(@)]3dm (z) < oo.

We denote the space of such functions, considered up to almost-everywhere equality, as L> (7, A). This
is an inner product space with inner product defined by

= /Z (12,0 4 d(2).

Welet || - [l;2(;,4) denote the associated norm.

Proof. (Proof of Proposition 3.10). Let (P, (1)), (P, (1)) € £ 2, and let [P', (:})] be an arbitrary
geodesic from [P0, ()] = [P, (¢)] to [PY, ()] = [P, ()] with P! = ((X!, ), 0') € 2. We will
show that (P, (L;)) is (pointwise, in time) weakly isomorphic to a geodesic in the form described in
Proposition 3.9.

For each ¢ € [0,1], let X’ = 1;X]. Fix an integer n and consider a dyadic decomposition of the
time domain, 1, = 0,f; = zi,,, ot = zi,,, ...,typn = 1. For each j = 1,...,2", choose an optimal
k
1

k-partitioned coupling (n{ )i €11 k((u;j_l ), (,u? )) (via Lemma 3.6). Consider the gluings (Lemma 3.7)

Fi=a® B ePXOxX? " xX*? xox XY, ie{l,... k.

1 1 1

Let proj, : X9%x X2 x ... x X! — X' denote coordinate projection foreach r € {0,27",...,1—-27",1}
and define

7; = (projg X proj)y7; € M(u’, ')
foreachi = 1, ..., k. Then, by suboptimality,
k k
4-dy oz (P @D, (PLAD < D 110” = 0 172 gy + 2 a0 (etDIfary B8)
ij=1 ' i=1

2

. . 0 _ 1
First, consider the term ||w o || L (n@m)

0,277, ..., 1—27" 1}, let

on the right-hand side of (3.8). For any choice of ¢ €

gl == (projy x proj; x proj)s7; € P(X° x X! x X7).
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GEOMETRY OF THE SPACE OF PARTITIONED NETWORKS 21

‘We have
[
1 0 1 1 :
= t(— (a) — a)[)) +(1—-1 (—(w’ —w )) 3.9
! I=1 12(€/@E)
1 2 1 2
g =
2EeE) 11—t IRIGE3)
' (3.10)
1 0 t 1 1 2
- (1= = o) — 1 — o))
t(1—1 L2(5/®E))

where (3.9) uses marginalization to replace 7; ® 7r; with él-’ ® ’;‘j’ , and where (3.10) is derived by applying
the following identity, which holds in an arbitrary inner product space with associated norm || - ||:

lta + (1 = 0b||*> = tall* + (1 — )||bl|> = (1 — )lla — b||*. (3.11)

Bearing in mind that t = k27" for some &, the first term in (3.10) satisfies

1 2 1 a2
_Hwo_wz =2n._Hw0_wk2
L2(&/®E]) k L2 (&/®E])
1< ’
_on. = (e—n27" _  g27"
=2 P Z(w <)
=1 L2/ ®))
1< ’
<2 (D et - (3.12)
k ((; L2/ @)

2

: 3.13
RGET)) G139

k
< Z Hw(e—l)zfﬂ _ o2
e=1

where (3.12) follows by the triangle inequality for the L?>-norm and (3.13) is Jensen’s inequality.
Similarly, the second term in (3.10) satisfies

n
2 2

n (=2 gon
L2 (¢l @E)) =2 Z Hw @
i8] e=k+1

2

LEleE)

1
”wt_wl
1—1

so that, after marginalizing, we have

271
2 < on Z wa—l)z*" _ 2"
LEes) T

2

(3.14)

t

1 0 t
(lt® Jr)

2 1
Hwt_wl
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22 S.Y. ZHANG ET AL.

Next, consider the term ||d 4, o (Ll oL Y 20y The following uses the notation of Definition 3.11. We
have, similar to the above,

0 1y 2
”dA,' o (Li’ti)“LZ(n,-)

1, 1 AP
=|tl-G—=dH)+a -0 @ —1)
: 1—1 L2 A)
1 0 12 1 t 12 1 0 t t 1y12
= ?”Li - Li”Lz(gl.‘,A) + I_—Z‘HLi — ”LZ@;’A) - m”(l - t)(Li - L,‘) - t(ti - ti)”Lz(gi’,A)’

where we have used the definition of d,,, as well as marginalization and the general identity (3.11).
Repeating the arguments above, we obtain

on

2 2

_ 2
n (Z 2" _
L2<5‘A)<22de‘° i 4)

12 (0
l

1

0_

3.15
ezl ay) + 1—1 3.15)

t
Li_

Summing the right-hand sides of (3.14) and (3.15) over all i,j = 1, ...,k gives

2)1
ZZHZH (-2 _ e Lz( (02 g +ZZH¢1A o (L RS ) ()
iy=1 (=1 i=1 (=1 !
2" k 2
— o (=127 _ gon
=2 Z} iJZ=1 Ha) w L2(7Ti(27l)27n®7[jl27n)
(g 2" e 12
+ZHdA ) fZ ) Lz(ﬂ«_l)zn))
on y y
= 2" 4 d g o (PCD2T D), T () (3.16)
=1
=4-dyop ((P° (). P (})°, (3.17)

where (3.16) follows by the optimality of the rrl] ’s and (3.17) follows because [P'] is assumed to be a
geodesic. Combining this with (3.8), we have
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GEOMETRY OF THE SPACE OF PARTITIONED NETWORKS 23

dg o, ((P° (). (P, ()
<dyp, (P, (D). P, ()

1
T 4((1 —1)

. 0 1 2
E H(l—t)(a) —o) -t —w)
“— L2 ([ ®E])

ij=1

k
+ D lldy, 0 (=G = i1 =) ||§2(§;)),

i=1

so that the term in parentheses on the right hand side must vanish. This shows that the partitioned
coupling (7r;), which we have constructed is, in fact, optimal. We also have that, for all 7 in the dyadic
decomposition,

2
RGN

0= i H(l — (@ — o) — 1o

k
2
! = H 1 -0’ +t0!) — o'
: ) L2(&/®E)) Z (( ) )
iy=1 J ij=1

Similarly,

|dA o (1 =D = ). 10 = H) Iager

k
k
Z 1=+ )_‘5||i2<s{,A,«) =D lldy, o (1 =01 +1}).1}) ”iz@,-’)‘

i=1 i=1

Observe that, by the properties described in the Gluing Lemma (Lemma 3.7), we have é{ € I (m;, uf),
so that the above calculation shows d o 5, (P, (ih)), (I_Jt, (Zﬁ))) = 0, where (I_’t, (%)) is a geodesic as in
the specific construction from Proposition 3.9.

So far, we have shown that d 2P, ((P’ s (L?)), (ﬁt, (Iﬁ))) = 0 for any ¢ in the form of a dyadic number,
i.e. t = j27" for some j and n. By the density of the dyadic numbers in [0, 1] and by continuity of the
maps t — [P, @] and 1 > [P, (i})], it follows that d & 5 ((P', (1)), 7, (%))) = 0 holds for any
t € [0, 1]. This completes the proof. ([

3.2.2 Completeness and curvature We now complete the proof of Theorem 5 by establishing the
remaining required properties. Throughout this section, we suppose that the label spaces A; are Hilbert
spaces with the same notation as Proposition 3.9 used for inner products and norms.

We first show that the space of labelled networks is complete. The proof will use the following result.

Lemma 3.12 (See, e.g. [38]). If A is a Hilbert space, then so is Lz(n, A).

Proposition 3.13. Let each A;,1 < i < k be a Hilbert space. Then, the space ([.,2” Pl dy 32’1{) is
complete.
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24 S.Y. ZHANG ET AL.

Proof. The proof follows the strategy of the proofs of [62, Theorem 5.8] or [20, Theorem 1], so we treat
it somewhat tersely. Let [P", (L?)], n > 1, be a Cauchy sequence of labelled partitioned networks in
(£ 2], with P" = ((Xf’, ui), a)”). Assume, without loss of generality (via a subsequence argument),

that d v, ((P”, (L?)) s (P”“, (L;’+1))) < 27" Invoking Lemma 3.6, we may choose partitioned
couplings (r;") for each n which achieve d & 5 3 ((P", (Ll’.‘)) , (P”+1 , (Ll'.’H))). Gluing the first N of these
measures yields a probability measure nil X rriz X.. X rrlN on Xl.l X Xi2 X+ X XZN foreachi=1,...,k.

Let 7; denote the projective limit measure on /772 le.
For each N, define maps

k k
N (l_l Heoile) X (l_l Hg'ile) - R
i=1 i=1
(6669¢) = V63
and

N . 14
a2 xt - A,

@Oy > M)
Since d g 5, ((P”, ), (P”“, (c?“))) < 27" it must be that

< 2—2}’1

1 1
n n+1,2 —2n 2
0" =™ o 27 and 2l = b 2y 4y < 270

(mi®mj) —

where we use the notation of Definition 3.11 in the second term. It follows that the sequence (£2%) is
Cauchy in the Hilbert space Lz(n,- ® mj) and that (IlN ) is Cauchy in the Hilbert space Lz(n[, A;) (this
is Hilbert because we assumed that A; is Hilbert; see Lemma 3.12). Let £2 := limy_, 2V and I, =
limy_, oo IV.

Putting these constructions together, we have constructed a labelled k-partitioned network

P.(1)) = (((m=ixt 7). 2) (1))

We wish to show that this is the limit of the original Cauchy sequence, at the level of weak isomorphism
classes. To this end, we first claim that (P", (:})) is weakly isomorphic to the labelled k-partitioned

network
(7. @) = (((mzitm) ). @),

where @" is the kernel on U;IT;2, Xf defined by precomposing " with the projection map U, 17;° le —

U;X?, and Zfl is defined similarly. Indeed, the projection map defines a weak isomorphism, essentially
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tautologically. It follows that

dyo, (P OLIP WD = dzo, (7. @)). C.0)))

k

1 . 2 = 2

< 1 [ 218 = 2y + 2 M, 0 Gy )
ij=1 i=1

and the latter quantity limits to zero as n — oo, completing the proof.
Finally, we establish a curvature bound for the space of labelled partitioned networks.

ProposiTiON 3.14. Assume that all label spaces A; are Hilbert spaces. Then the space ([-£ % ].d ¢ 5,)
has curvature bounded below by zero.

Proof. We need to establish the triangle comparison inequality from Definition 2.18. Let [L],[L] €
[Z Z,] be two labelled partitioned networks and let [L],0 <t < 1 be a geodesic connecting them. Let
[L"] € [.£Z7,] be given. We seek to show that

4d 4 5 (L', L") + 41(1 = d g 5 (L,L')* = 4(1 = d g 5 (L, L") + 4td 5 (L', L")*.  (3.18)

Using the characterization of geodesics in [.£ ;] from Proposition 3.10, we may assume without
loss of generality that L' = (P, (L;)) has the form described in Proposition 3.9. Let (§;) be an optimal
k-partitioned coupling of L' to L"; then, & is supported on X; x X x X'. Expanding the left hand side of
(3.18), we have

Z 2 /|12
> (||w ~ ey T Do —o ”Lz(”@”j))
ij=1
k

+ 30 (1 = M gy + 10 =Dl =Wy, 1),
i=1

Marginalizing &; and using the structures of ' and ', this can be rewritten as
k

7 2 /11
- E 1 (||0) —w ”Lz(i;'i@%'j) +i(l-Dlo—w ”LZ(&@%))
ij=

k
+> (||/’ — a0y T 1A= Dl = t/lliz@,.,A,.))

i=1

k

_ _ "o 2 /Ny

= (=010 = 02 g ge) + 110" = 122 06))
ij=1

k
+> ((1 = Ol = a4 + 11 = ‘/”%2(&,/&,-))
i=1

> 4(1 — d g 5, (P.P") + 4td ¢ 5, (P, P")?,
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26 S.Y. ZHANG ET AL.

where the second line follows from a computation which holds in an arbitrary inner product space,
explained below, and the inequality in the last line follows from sub-optimality. To expand on the inner
product space calculation, we use the identity (3.11) to deduce that (for an arbitrary inner product (-, -)
with norm || - ||),

lle = (1 = Da+th)|* + 1(1 = Hla — b]>
= el 4+ I(1 = Ha + tb]|> = 2(c, (1 — Da + tb) + t(1 — 1)|la — b|*
= llcll® + 2161”4+ (1 = Dllall* — 2(c, (1 — H)a + tb)
= (1= D)(llcel* + llall* = 2(c, @) + t(llcll® + 1> — 2(c, b))
= (1 =0c—al*+tllc — bl O

3.2.3 The case of unlabelled networks We now proceed with the deferred proof of Theorem 3,
which says that the space of (unlabelled) k-partitioned networks is an Alexandrov space of non-negative
curvature.

Proof. (Proof of Theorem 3). Following the proof of Theorem 2 (Section 3.1.2), we can consider d@f
as an instance of d o, P2 where the target metric spaces A; are all taken to be the one-point space, which
can be considered as a trivial Hilbert space. The proof then follows immediately from Theorem 5. [J

We conclude this discussion with the deferred proof of Corollary 2.19.

Proof. We first note that these spaces of generalized networks are complete. This was essentially shown
for the space of networks ([.# 21.d y2) in [62, Theorem 5.8] (that result also includes an additional
symmetry restriction on network kernels, which doesn’t have any tangible effect on the proof), for the
space of hypernetworks ([.72],d ' w2) in [20, Theorem 1], and the argument for the space of augmented
networks ([.«7?], d s> ) follows similarly. Curvature bounds for these spaces follow if we show that they
embed as totally geodesic subspaces. Indeed, this is the case, as can be seen from the explicit geodesic
formula in Proposition 3.9. As curvature bounds are already known for the space of networks (see Remark
2.20), we give details for the space of hypernetworks, with the augmented network case following by
a similar argument. Let H, H' € 22 and consider their embeddings ¢ 4 (H) and & 4, (H') in 3”22 Let
(7, m,) be a 2-partitioned coupling between these embeddings. The geodesic prescribed by the formula
from Proposition 3.9 is

(X x X', 7)), (Y x Y, 7)), '),
where o' : (X x X') U (Y x Y') — [0, 00) is given by

o' ((u, 1), v,V) = (1 = De (@) (U, v) + te ()W, V)

| d=-Dowv)+1'W',V) w,u)eX xX and (v,v)eY xY
o 0 otherwise

[ d=Dowv)+ 10’ W.V) (u,v) €eX xYand V) eX xY
- 0 otherwise.
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The validity of the second expression follows by checking cases; for example, if (u, u'), (v,v') € ¥ x Y/,
then

e () (u,v) = € () (W',V) =0,

by definition. It is then straightforward to check, via the third expression, that this partitioned network
is, at each time ¢ € [0, 1], the image under ¢ 4, of the measure hypernetwork

(X x X', ), (Y x Y, 7)), (1 — Do + t0'),

thereby completing the proof. (]

3.3 Interpretation of partitioned distance as a labelled distance

We end this section by proving that the k-partitioned network distance d 2p can itself be realized as a

sort of labelled distance, where labels are allowed to take the value co. This interpretation connects our
work to the computational algorithm introduced by [55], where categorical labels are incorporated into
the entropy-regularized Gromov-Wasserstein and COOT formulations via element-wise masking of the
Gibbs kernel matrix. Specifically, [55, Algorithm 1] addresses an entropy-regularized matching problem
over partitioned networks. To maintain a clear exposition, we briefly recapitulate and refine some of our
notation before formally stating our result.

3.3.1 Notation for networks labelled in extended metric spaces In this section, we write £ A% for
the space of networks with labels in a (fixed) extended metric space A. This is essentially the same
as & @’1’ , except that the label space is allowed to be an extended metric space, or a metric space
whose distances are allowed to take the value co. Elements of .Z.4%,, will be denoted (N, ), where
N=X,u,w) € #/Pand:: X — A isthe label function. The labelled network distance is then defined
by a formula identical to (3.4):

;o . 1 P NP 1/p
Ay, (M0, )= int 5 (10 = 0/ Iy + s © G ONpry)

The notion of weak isomorphism extends to .Z.4%,; we denote the quotient space as [.Z.A4%]. The
proofs above also extend to show thatd o ,» . induces a well-defined extended metric on [.Z. A% ].
‘ exi

We now consider the particular extended metric space AR — {1,...,k}, with extended metric
satisfying d 4 (i,j) = oo for all i # j. To a k-partitioned measure network P, we associate an element
of Z A" ., with labels in A®, via the map

ext?

P 5P =(X; 1), 0) — (X, 1/, 0),0) € LN LX) =i & xeX,. (3.19)

ext>

Here, as in Definition 2.7, u = >, u; is considered as a measure on X = L1,X;, so that %u is a probability

i
measure.

3.3.2 Fartitioned distance as a labelled network distance We now prove the main result of Sec-
tion 3.3.
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THeEOREM 6. The map (3.19) is an isometric embedding with respect to d P and d o AP

Observe that

oo if there exists (x,x’) € supp(r) with ¢(x) # ' (X');

0 otherwise. (3.20)

ld g0 0 @ pper = [

The proof of the theorem is based on this observation and the following lemma.

Lemma 3.15. Let w € IT(U;u;, U;u;) such that ||d 40 o (L,L/)HU;(?T) = 0. Then, there exists a unique
k-partitioned coupling (7r;) € IT;((11;), (1)) such that

where inc : L;(X; X X;) — (LX) x (I_Il-le) is the inclusion map. Moreover, any coupling of this form
yields ||d 4 o (L,L/)HU;(?T) =0.

Proof. Suppose that 7 is a coupling with [[d & o (t,¢)|l;py < 0. Then (x,x") € supp() implies
L(x) = (x'),i.e. x € X; and x’ € X! for some common index i. Therefore, the support of 7 is contained
in L;(X; x X?). We also see that the mass of each block X; x X must be equal to %, since, for all i,

1 1 1
(X, x X)) = n((UX)) x X}) = Uui(X) = i ZM;(X;) = EuQ(Xﬁ) =
j

For each 7, define 7r; by 7;(A) = k-7 (A) for each Borel setA C X; xle. We claim that 7r; € IT(u;, M§)~
Indeed, for any Borel set B C X;,

(B x X)) =k-m(BxX) =k-7(Bx X)) =k-Uju(BNX,) = j1,(B),

and the other marginal condition follows similarly.
We will now show that

7 (C) = incy (I_ll-ni) (&)

holds for any Borel subset C of (L;X;) x (L;X)). In light of the discussion above, we may assume without
loss of generality that C C L;(X; x X?). Then we have

inc, (U;7,)(C) = U, H(C)) = % Zni(inc*‘ () N (X; x X))
= % Zni(C NX; x X)) = Zn(C N X, x X)) = 7(C).

This shows the existence part of the statement.
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To prove uniqueness, suppose that (77;) satisfies 7 = incy(L;7;). For a Borel set A C X; x X;

i

so the formula for 7; is unique.
Finally, the last statement follows because any coupling of this form is supported on LI;(X; x X}). [J

Proof. (Proof of Theorem 6). Let P = ((X;,1;),w) and P' = ((X}, u}), ") be elements of @,’; with
images under the map (3.19) denoted (N, ) and (N', ('), respectively. A k-partitioned coupling (r;) of
(u;) and (u;) yields a coupling = = incy((1/k) >_;m;) € IT((1/k) D_; p;, (1/k) >°; i), as in Lemma
3.15. Then

1/p

k
1 1
510 = lpram + ldaw 0 @Ol = 5 [ 210 =01 mer |
ij=1

so that d_g’/‘/gxl((N, ), (N, ) < d@]f (P, P'). Similarly, for any = € IT((1/k) > ; ju;, (1/k) 2, ;) with
ld s o (¢, t’)||U;(ﬂ) = 0, we can find a k-partitioned coupling (7;) € IT;((n;), (1;)) via Lemma 3.15
and use it to show that d o, ,» t((N, 0),(N,1)) > dyf(P, P). O

The following corollary shows that the various generalized network distances which have appeared
in the recent literature can all essentially be considered as special cases of the labelled extended network
distance. The result follows as a direct consequence of Corollary 2.16 and Theorem 6.

CoroLLARY 3.16. The embeddings from Definition 2.8 induce isometric embeddings of the space
of measure networks ([.#'],d ), the space of measure hypernetworks ([#’],d 4») and the space
of augmented measure networks ([./],d), respectively, into the space of labelled networks
LA d gy ).

3.3.3 Labelled partitioned distance as a labelled network distance The work above can be directly
adapted to show that the space of labelled k-partitioned networks also embeds into the space of labelled
networks. Consider the space .Z QZ‘Z of labelled k-partitioned p-networks with labels in some arbitrary
metric spaces (A;,d,,). Now consider the extended metric space A = (L;A;) x A® with extended
metric d , defined by

dy(a,b) ifi=janda,be A;
00 otherwise.

dy((a,i), (b)) = [

Given an element L = (P, (¢;)) of LPY withP = ((X;, ), w), we associate an element of ZJV’CJM
with labels in A via the map

L5 L (X, 1/, o),0, 1) = (x),) < xeX, (3.21)
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The techniques used above likewise yield a proof of the following.

TreOREM 7. The map (3.21) is an isometric embedding with respect to d o P andd o P

4. Riemannian structure of partitioned networks

We now focus again on the space ¥ P, = £ 7, endowed with the metric d o 7, = d g2
We consider the scenario where the label spaces (A;,d,, ) are Hilbert spaces endowed with their
associated distances. We have showed in Theorem 5 that ([.Z #?,],d v, ) is a non-negatively curved
Alexandrov space. This property endows [.Z'%,] with synthetic versions of various structures seen
in Riemannian geometry, such as tangent spaces and exponential maps [52]. Rather than following
the general constructions of these structures, we follow the approach of Sturm in [62, Chapter 6] and
develop equivalent versions that are more specific to the metric at hand. In this section, we describe
these structures and present some example applications to geometric data analysis.

We note that structures and calculations similar to those in this section were studied for the space of
measure networks in [18]. However, the treatment there is rather terse and several proofs are omitted. We
provide full details below, while extending to the more general space of labelled partitioned networks.

4.1 Tangent spaces

We develop notions of tangent spaces and exponential maps for [Z;] and [.£ Z7,]. These concepts are
introduced in detail for [.Z 7], and the case of [ #7;] then follows by considering partitioned networks
as special cases of labelled partitioned networks, as in the proof of Theorem 2 (see Section 3.1.2).

4.1.1 The labelled case For clarity, we remind the reader of some notational conventions, while
introducing some new ones. Let L = (P, (1;)) = ((Xl-, "), , (Li)) € £, where we continue to assume
that the label spaces A; are Hilbert spaces. As above, we write X = LI;X; and endow it with the measure
n = > ; i;. Given another element P’ € £, and a k-partitioned coupling = € IT,((u;), (,u;)), we
write 7 = »; 7r;, and consider this as a measure on X x X" (where X’ = 1;X]). Finally, we define

k
Ay = EBLZ(M,A[).

i=1
We denote an element of Ay as g, where we can canonically write g = (g, .. .,g) with g; € L*(1;, A;).

In this way, we consider the label function data as an element ¢ = (¢1,...,¢;) € Ay.

DEerINITION 4.1 (Synthetic tangent space). We define the synthetic tangent space of [.Z %7, ] at a point
[L] to be

TiylL 2] = U @wewean]|/~.
((Xis i), (1)) €[L]

In the above, the union is taken over all labelled k-partitioned measure networks ((X;, u;),w, (¢;)) in
the weak isomorphism equivalence class [L]. The equivalence relation is defined as follows. For two
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representatives
(X 1), 0, (1)), (X, pp), @, (1) € [L]

and functions
.9 elPwewe Ay, (.8)ePWeun)® Ay,
we write (f, g) ~ (f', ') if and only if there exists a k-partitioned coupling (r;) € IT, (i, 1) such that
faen=f,y) for n1®@m —ae (x,x,3,Y)eXxX xXxX

and, writing ¢ = (gy,...,8) and g = (g},....&}).
gi(x) = gi(x) for m —ae. (x,x) e X xX.

The equivalence class of (f, g) is denoted [f, g].
The space [.Z Z7,] has a natural notion of an exponential map, defined as follows.

DEeriNiTION 4.2 (Exponential map). For a labelled k-partitioned measure network [L] € [.Z 7], let
[f.8l € Ty [ Z,] be a tangent vector with (f, g) € LP(u@un e A . We define the exponential map

by
expyy - TilL 2] = (L 2], exp(If,8]) == (X, 1), 0 + ), e + gl

We can now provide a geodesic characterization of the exponential map on ([.Z%;],d D)
analogous to the one given for measure networks in [18], at least for labelled partitioned measure
networks which are ‘inherently finite’. That is, we say that an element [L] € [.ZZ7,] is finite if the
equivalence class [L] contains a representative L’ € [L] such that all sets X l’ are finite. In the following,
take the following terminology convention: if we refer to [L] € [.Z #?,] as finite, we implicitly assume
without loss of generality that L is finite. Observe that, even if L is finite, the equivalence class [L]
contains elements which are not finite, hence the need for care in the terminology here.

ProposiTion 4.3. Let [L] € [£Z7;] be a finite labelled k-partitioned measure network. There exists
€z; > 0and ;; > 0 such that for any tangent vector represented by (f, g) € LP(u@u) @A x satisfying
[f (e, »)| < €z and |g(x)| < nyy forall (x,y) € X x X, the path defined by

[y[] = [((Xp l‘(/i)’a)"i_[f)’t"i_tg]» te [0’ 1]
is a geodesic from [L] to expyy (If, gD.

Proof. Up to weak isomorphism, we may assume that [y,] takes the form

vl = [((Xi x Xi, A;,L,',;l.,‘)’a)t) ’Lt] )
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where
w,: (6x,y,Y) > (1= Do,y + ol,y) + &, )
(X)) = (1= 0e) +10(x) 4+ g(x))

and A, . denotes the diagonal coupling of (;, u;); thatis, A, = (idy, x idy )4u;. By Proposition

3.9, verifying that [y,] is a geodesic amounts to deducing the condition on (f, g) for (4, ll«i)f=1 to be

the optimal couplings between L and y (1). Let (7r;) € ITg, (4, 1) be any competitor coupling. The
corresponding matching cost is then

1 1
5 2 T NT0 ) 000y) — 0, y) = FE Y+ 5 3w )i — ) — @)
x4 X2
|
=5 2 7))
x4
+ Z / / 1 AN /L) /o
w60, Y) | Sl y) — @ Y)I" —f( ) @®y) —o(x,y)
x4
1 1
+5 2 @I + D7 x) [Eumx) — 1)1 = (8 1) — t<x’)>}.
be x2
In the above, the inner product and norms are the induced structures on @®; A;. The first and third terms
amount to the matching cost between L and y (1) under the diagonal couplings (A, );, and so it is

sufficient to deduce conditions on (f, g) so that the second and fourth terms are non-negative.
Consider first the sum

1
ZN(x,x/)ﬂ(y,y’) [Elw(x, M — oW, Y) =& ) @y) - w(x/,y/))}-

x4

Clearly, if |w(x,y) — w(*,y)|*> = 0 7 ® m-a.e. then this term vanishes. Otherwise there exists at least
one (x,x,y,y) € X* such that | (x, y) —w(x,y)| > 0, since we consider finite networks. Among such
values, pick

I . ;o ;o
€Ly = imln{lw(x,y) —o@, ) oky) —oE,y)| > 0}}
Then, for f satisfying |f (¥, )| < €y for all (,y) € X x X, we have that

F& )@@ y) — o, y)] = FE)oxy) —o&,))]

= €lotny) — o,y

< —loxy) — o,

N =
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and so the sum is non-negative. Next consider the labels

1
PIELCED [Ent(x) —t)? = (g, ) — z(x’)>] :
X2

Applying the same reasoning as previously, we note that if [|t(x) — ¢(*')||*> = O mw-a.e. then the sum
vanishes. Otherwise, there exists at least one (x,x’) € X2 for which le(x) — () ||2 > 0, and pick

I . / /
Ui Emln{llt(x) — 1) le@) = el > 0}

Then for g such that [[g(x")|| < n,, for x € X, we have that

1
(g, 1) — () = 8GN — (DI == gy lle@) — @D < Sl = (2,

and this sum is also non-negative. O

DEerINITION 4.4 (Logarithm map). Let [L],[L'] € [.£ ;] and let (7;) € IT,((1;), (1)) be an optimal
k-partitioned coupling of L to L'. Consider the representative L= ((}A(i, i), o, (;)) € [L] with

X, =X, x X, pi=m, oxx,yy)=oky), Lxx)=4x).
Similarly, define the representative I = (()A(l-, ay),d', (1) € [L'], where
&', X, y,y) =o' (,y), Ly =dK).
We define
logj[TL]([L/]) =0 —w,/ —1] € Iy, (£ 2] 4.1)
It follows by definition of expy;, that

expyy (logp, (IL') = [L].

ProposiTioN4.5. Let [L] € [.Z <] be afinite labelled k-partitioned measure network and let €[L] and L
be as in Proposition 4.3. The exponential map expy;, is injective on the set of tangent vectors admitting

representations (f, g) € L?(u ® i) @ Ay satistying [f(x, y)| < €;/2 and |g(x)| < ny;,/2.

Proof. Recall that exp;,([f, g]) = exp;;([f’, g']) if and only if d o 5, (expy,([f, g1, exp ([f, &'D) =
0. Let 7 be an optimal coupling between expy;,([f,gl) and exp[L]([f/ ,€']). Then the corresponding
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distortion is

1 / / /o AN NY)
5 2T )TO0 00+ () = 00y) —f ()
x4
+ %%n(x,x/nu(x) +800 — 1) =g W)

1 1
=D w6 X)m(.y) [5 53) = &P+ Slowy) — ol
X4

+ (@@, y) — o, Y))(F(x,y) —f/(X’,y/))}

/ 1 re N2 1 N2 / 1ot
+Zn(x,X)[§llg(x)—g(x)ll + 1) =) +<t(x)—t(x),g(x)—g(x)>]
X2

Assuming we have that |[f(x, y)|, |f’ (x,y)| < €1)/2 and [g()], g ()| < 1yr/2. then for all (x, xX,y,y) €
X+
fxy) —f &) <€y 11860) — &GN < -

Then

(@) — 0@, YNFCY) —f(,)) < loy) — o Iy —f/(&,))]

< eplo®y) —o,y)|

IA

1
Sloy) - @,y

and by the same reasoning we have that

lle(x) — L)1

N =

(L) — (), g() — g(x)) <

It follows that the second two terms in each of the sums are non-negative: %|a)(x, y) — o, y’)l2 +

(0(x,y) — o, y)N(fx,y) —f(x,y)) = 0and %Hl(x) — )P+ (1) — (), g(x) — g' () = 0.
As aresult, d ¢ g, (exp([(f, @)1), expyy ([(f', §)1)) = 0 implies that [f (x,y) —f'(¥,y)| = 07 @7~

a.e. and ||g(x) — g (x))||*> = 0 m-a.e. Therefore we conclude that [f, g] = [f’, ¢’]. O

4.1.2  The unlabelled case Recall from Section 3.1.2 that [#7,] can be considered as a subspace of
[.£ Z,], where the attribute spaces A; are zero-dimensional Hilbert spaces. Under this identification,
the concepts and results from Section 4.1.1 can be specialized to [#,]. It is more convenient to express
the specialized concepts directly in the notation of [#7,], rather than in the notation coming from the
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embedding [Z,] — [£Z,]. For the sake of convenience, we summarize these expressions in the
language of partitioned networks below.

DEerINITION 4.6 (Tangent space for partitioned networks). We define the synthetic tangent space of [ ;]
at a point [P] to be

Tip 2] = U ZPwew]|/~.
((Xiopi) w) €[ P]

In the above, the union is taken over all k-partitioned measure networks ((X;,u;),w) in the

weak isomorphism equivalence class [P]. The equivalence relation is defined as follows. For two
representatives

(X s @), (X, ), @) € [P]
and functions
felwow, felweu,
we write f ~ f’ if and only if there exists a k-partitioned coupling (7;) € IT, (1, ') such that
fooy)=f&,y) for n@m—ae (x,x,9,y)eXxX xXxX.
The equivalence class of f is denoted [f].

DeriniTiON 4.7 (Exponential map for partitioned networks). For a k-partitioned measure network [P] €
[P, let [f] € T p)[Z] be a tangent vector with f € L*(1 ® ). We define the exponential map by

expip) : Tip [ Pi] = [P4), expip (D = [(X ) 0 + f1.

DeriniTION 4.8 (Logarithm map for partitioned networks). Let [P],[P'] € [Z%] and let (7;) €
H,i((p,l-), (,u;)) be an optimal k-partitioned coupling of P to P’. Consider the representative P =

X, =X, xX, l=m oxxy))=oky).
Similarly, define the representative I = (()?i, i;),d") € [L'], where
&' (x4, y,)) = o' (¥, y).
We define

loglp)([P']) = [0’ — 0] € Tjp[Z]. (4.2)
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It follows by definition of expp; that

expyp)(logfp ((P']) = [P'].

4.2  Gradients

Tasks in geometric statistics, such as computing Fréchet means, are often formulated in terms of
minimization of functionals over a manifold [49]. To make sense of gradient flows, we need a notion of
gradients. For simplicity, we will discuss the case of k-partitioned measure networks &, (i.e. without
labels). However, we remark that analogous results can be obtained for labelled graphs where labels are
valued in Hilbert spaces.

DEeriNiTION 4.9 (Gradients of functionals). Let F : [#?,] — R be a functional on the space of k-
partitioned measure networks. For a network [P] € [£7.] and a tangent vector [f] € T[P][ﬁk], we
define the directional derivative of F, if it exists, to be

Dy FAPD o= lim F(exppy (D) = FAPD.
110 t

A functional F is said to be strongly differentiable (following [62, Definition 6.23]) at a point [P] €
[Z,] if all of its directional derivatives exist, and if there exists a tangent vector [g] € T[P][sz] such
that for any [f] € T;p[ ] and for every (;) € IT (11, 1) such that |0 — &'l ;2(xxx)270r) = 0, it
holds that

D[f]F([P]) = v’g)Lz(n®ﬂ)'

Here, ((X;, 1t;),®) and ((X}, u}), ") are two representatives of [P], and f € L*X*,u®up) and g €
L2(X, 1/ ® ') are representatives of [f] and [g] respectively. We then write [VF(P)] := [g] and refer
to [VF(P)] as the gradient of F at [P].

The following proposition characterizes some basic properties of the gradient. It uses the concept of
the norm of a tangent vector. For [f] € T[P][@k], with P = ((X;, u;),w) and f € L2(,u ® ), define

”DC]”T[P][@H = |lf||L2(,4®M)~

The fact that this is well-defined follows easily from the nature of the equivalence relation used to
construct the tangent space.

ProposiTion 4.10. If F : [#7,] — Ris strongly differentiable at [P] € [%7,], then the gradient [VF(P)] €
Tipy[ ] is unique and

||[VF(P)]||T[PJ[,%(] = sup {D[f]F([P]) tlfle T[p][«@k]» ”[f]”T[pJL@k] =1}
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Proof. This follows directly from [62, Lemma 6.24] for the case of partitioned measure networks by
requiring couplings to respect partitions where necessary. (]

4.3 Calculating gradients

Motivated by some practical applications, in this section, we compute expressions for gradients of two
functionals defined over [ #?,]. Namely, we consider the Fréchet functional and its generalization to the
problem of geodesic dictionary learning. We will put these expressions to use in Section 5.4, where
we conduct some numerical computations with partitioned measure networks. Since in this section we
focus on practical utility for numerical applications, some computations are done formally. A rigorous
theoretical treatment of gradient flows has been addressed in the context of measure networks by Sturm
[62]. In particular, the dictionary learning problem (Section 4.3.2) involves a functional taking as its
argument a (weighted) Fréchet mean. In order to keep things manageable, we make the same simplifying
linearization assumption as [71], but the fully nonlinear dictionary learning case may be more flexible
and will be an important area for future study. More generally, the barycenter computation problem
remains an active area of research even in the case of measures in R¢ (e.g. [2, 67)).
Our gradient computations will make repeated use of the following result.

ProposiTioN 4.11. Let [P],[P'] € [£7,] and let (;7;) be an optimal k-partitioned coupling. There exist
representatives P € [P] and P e [P'] whose underlying sets and measures are the same and the diagonal
couplings give an optimal k-partitioned coupling. If [P] and [P'] are finite, then the representatives can
also be taken to be finite.

In particular, if (;7;) is an optimal k-partitioned coupling of P and P’, then such representatives are
given by

P = ((X; x X, 1), (6,x), 0,3) = @(x,y) and P = ((X; x X}, 7)), (5, X)), 3, ))) = o' (¢, ))).

The proof is a straightforward verification that the proposed P and P satisfy the conditions; see [20,
Lemma 12] for details in the case of hypernetworks. When k-partitioned measure networks satisfy the
conditions in the first paragraph, we say that the networks are aligned; the conclusion of the proposition
is that, when considered up to weak isomorphism, we can assume without loss of generality that any pair
of partitioned measure networks is aligned. Moreover, given a finite collection of partitioned measure
networks {[P;],1 < i < N}, repeated application of the proposition shows that we can assume without
loss of generality that each P;, i > 2, is aligned to P;.

4.3.1 Fréchet functional Define the Fréchet functional for a finite collection of partitioned measure
networks [P], ..., [Py] € [#,] to be the maps F : [#7,] — R given by

1 N
FRD) = D do, (RLIPD. (4.3)

i=1

Based on the discussion following Proposition 4.11, we can assume without loss of generality that R
and the P; are aligned, so that they are of the form ((X;, u;), wg) and ((X;, u;), “)P,-)’ respectively, and
an optimal k-partitioned coupling of R to each P; is given by diagonal couplings (4, ). We claim
that, under the assumption that all networks R, P, ..., Py are finite, the gradient of F is represented by
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VF(R) € L*(X?, 1 @ ), with

N

1
VFR) = wp =~ > wp, (4.4)
i=1

The Fréchet functional was studied in [18] in the setting of measure networks. Although the case
of partitioned measure networks can be treated by the same approach, we include a derivation of (4.4)
for completeness. We first consider the setting where N = 1, in which case the Fréchet functional
simplifies to

F([R]) = d 5, ([P].[R])*.

We fix two representatives R = ((X;, i;), wg) and P = ((X;, u;), wp) such that an optimal k-partitioned
coupling between R and P is given by diagonal couplings (4,) = (4, ). Following our usual

convention, we let A = > . A,, considered as a measure on L;X;. Let f € L*(X*,u ® 1) be a
representative of a tangent vector in 7 [#;]. Then by definition of the directional derivative,

F(expig (1)) — F(IRD)
) .

D[f]F([R]) = 1}&)1

By the proof of Proposition 4.3 (specialized to the case of partitioned networks), we may assume without
loss of generality that (A;) is an optimal k-partitioned coupling between expy (#f) and P, for ¢ sufficiently
small. Then, for small enough ¢,

1
—(F(expyy (UfD) — F(RD)

1
= — (29, expe (D [PD? = dys (1. [PD?)

k
1 (1 1 2
Z ‘ (_“wR + i = 0plp2 a4y — 2llor = wP”LZ(A"@A"))

~

=

Lien2 ! 2 2
=25 W2 guepy T - @r = OP)racay + 5 (”“)R @plpa@ay = Ior = ‘”P”LZ(A@A,-)) '

i=1
Taking t — 0 yields
k
DipyF(RD) = D (f-0p = 0p)i2aeay = @k = ©p)12(aga)-
i=1
hence a representative of [VF(R)] is
VF(R) = wp — wp € Lz(u ® ).

The formula (4.4) follows by linearity.
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43.2 Geodesic dictionary learning  Let [P],...,[Py] € [Z?,] be a collection of finite k-partitioned
measure networks. We consider a generalization of the Fréchet mean, which seeks to find a dictionary
of m atoms (i.e. representatives or archetypes) [D],...,[D,,] € [#?,] (each of which we assume to be
finite) and a collection of N vectors in the (m — 1)-dimensional probability simplex «;, ..., oy € A™
(that is, each o € R™ has nonnegative entries which sum to one), that provide a useful set of reference
points for summarizing the original dataset. In what follows, we give a brief heuristic derivation
of gradient expressions that can be used for approximating such a dictionary (see Section 5.5 for
applications involving such a derivation). A rigorous treatment of this difficult bi-level optimization
problem is out of the scope for our present paper. We point out that, compared to the better-understood
analogous problem of learning Wasserstein barycenters or dictionaries in Euclidean space [2, 56, 67], in
our setting, issues such as uniqueness of barycenters have not been rigorously addressed.

We first informally define a barycenter operator to be any assignment taking a proposed dictionary

{Dj};”: | together with an vector o € A™, whose entries are denoted (1), ..., x(m), to
m
B ({Dj};"zl,a) € arg min > a(dy, (DR (4.5)
k

J=1

That is, there is not necessarily a unique minimizer, so a barycenter operator must involve a choice. In
practice, barycenters are approximated by some algorithm, so the necessity of making a choice models
a realistic situation (although the approximators are likely to only return a local minimizer).

Next, the loss functional for the geodesic dictionary learning problem is defined as

N
F (o elly) = }V > dy, (B({D,-},oz,-w,-)2 . (4.6)
j=1

For practical purposes, we replace this with an easier problem by taking the following heuristic
approximation of the barycenter operator. Given a dictionary {D;}, a basepoint P and a weight vector
o, we define the local barycenter operator to return BP({DJ-}, a) = ((X;, u;), wg), where it is assumed
that all atoms have been aligned to P = ((X;, it;), ®), so that D; = (X, i1y, a)Dj), and wp is defined by

wg = Z oe(j)a)Dj,

Jj=1

We then consider

1Y 2
F (DY (ehl,) = 5 2 dz, (Br, (D)) P)
j=1

To approximate this via gradient descent, we hold all arguments constant besides one and run a
gradient step on the induced functional, and iterate this process through arguments. We claim that, for
{ai}g\; | held constant, the gradient of F in each of the D; (that is, holding other atoms constant) is given
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by
1 m N 1 N
Vi, FD) =+ > op, (Z a, (), (i)) -5 > ay(Dwp,. (4.7)
j=1 =1 (=1

where we have assume that all spaces are aligned to a common k-partitioned measures space, as in
Proposition 4.11. Similarly, the Fréchet gradient in each of the «, is given by

1 m
Vo Flay) = < [(a)D,a)B wpe)]izl. (4.8)

Heuristic derivations of these expressions are provided below.
By linearity (as in the case of Fréchet means), let us take N = 1. Then, the functional simplifies to

F({Dj}}nzl’a) = d g, (Bp({D}I,, @), P)*.

We wish to consider the functional induced by holding all but one of the atoms fixed; without loss of
generality, suppose that only D, varies and D,, ..., D, and « are fixed. Then, we consider the functional

F(Dy) = FUDJL,, ).
Letf € L2(X%, u @ ) be a tangent vector at D and let wp,, denote the network kernel of exp,, (1f)—

explicitly, wg(,) = wg + «,1f. By a similar computation to the one used in the derivation of the gradient
to the Fréchet functional, we have, for sufficiently small 7 (so that the ideas of Proposition 4.3 apply),

1 - -
;(F(@ipp1 (1)) — F(Dy))

Il
~ | =

(d@k(BP({exle (). D ...,D,}.a), P)* — d%(BP({Dj},a),P)Z)

1(1 > 1 >
-7 2leso = @plizaea) = 198 = Orli2aea)

1 2
; (_”a)B_‘_a]Zf a)P”LZ(A ®A) ”wB _wP“LZ(A,'®A,'))

I
'M» HM» Il M»

—_

2
1
5 S W17 ey T @1 08 = @p) 24040

1 2 2
o (s — 0plF2a00) = 128 = @20 0))

The claimed formula (4.7) then follows by a straightforward calculation.
When deriving the formula (4.8), we observe that this amounts to computing the derivative of a
function defined on R™. The derivation then follows by elementary methods.

9202 1800190 |.Z U0 Jasn asuuesneT ap a)sisAlun Aq 195/ 1/8/2z0Berl/S/S | /a1o1ue /I lewl/woo dno olWuspeI. WoJj Papeojumoq



GEOMETRY OF THE SPACE OF PARTITIONED NETWORKS 41

5. Applications and algorithms

In this section, we present a broad range of applications built upon our formulation of partitioned measure
networks. Section 5.1 provides an overview of the numerical algorithms that underpin these applications.
In Section 5.2, we explore network matching and comparison within the partitioned measure network
framework, highlighting the connections between Gromov-Wasserstein-based matching and spectral
network alignment methods such as EigenAlign (Section 5.2.1). We validate our approach through
experiments on synthetically generated graphs and hypergraphs (Section 5.2.2), real-world metabolic
networks (Section 5.2.3), and multi-omics datasets (Section 5.2.4). Section 5.3 extends our analysis to
multiscale network matching, examining networks derived from 3D mesh objects (Section 5.3.1) and
protein-protein intersections (Section 5.3.2). In Section 5.4, we illustrate geodesic interpolation between
three hypergraphs and their barycenter through simple examples. Finally, Section 5.5 generalizes
the barycenter framework to dictionary learning for partitioned measure networks, that is, given an
ensemble of networks, we seek a set of basis elements such that each member can be represented
as a convex combination of the basis. We study both nonlinear and linear dictionary learning in
Section 5.5.1 and Section 5.5.2 respectively, using examples from hypergraph stochastic block model
(Section 5.5.3) and mutagenicity datasets (Section 5.5.4). Implementation details are provided in the
Supplementary material.

5.1 Numerical algorithms

The practical deployment of our framework in machine learning and statistics relies on the numerical
solution of quadratic programmes that emerge from the matching problem defined in Definition 2.12 and
its extensions. While significant progress has been made developing and analyzing numerical approaches
for the case of Gromov-Wasserstein matchings (for measure networks) [17, 51, 64], COOT (for measure
hypernetworks) [53, 66], and augmented Gromov-Wasserstein (AGW, for augmented measure networks)
[24], our framework allows us to consider in generality (labelled) k-partitioned measure networks,
from which each of these algorithms emerges as a special case. We provide a brief overview in what
follows, and we defer technical details of specific algorithms to the Supplementary Material due to space
considerations.

Since we are concerned with numerical computations on generalized networks, throughout this
section we restrict attention to finite networks and, when appropriate, express functions on finite spaces
using matrix notation. That is, for a k-partitioned measure network P = ((X;, iu;), w) (see (2.7)) we take
each X; to be a finite set and denote its cardinality by |X;|. Thus, u; belonging to the probability simplex
AWl (see Section 4.3.2) is a discrete probability distribution, which we often write as a column vector,
and w a matrix of dimensions | U; X;| x | L; X;|. Furthermore, we write

where wjj corresponds to the restriction of w onto X; x X;, i.e. a submatrix of dimensions |X;| x 1X;|. In
what follows, we use angle brackets to denote the Frobenius inner product between vectors or matrices,
ie. (A,B) = tr(AT B).

We take p = 2 in the definition of the (labelled) partitioned network distance (see (3.3) and

Definitions 2.12), as this allows for a efficient scheme for evaluating computationally the value of
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2

/
”C() —w ||L2(7T®S).

For ease of notation, we will re-write the (squared) objective from (3.1):

k k
. 1
min 52 o = 122 iomy + 2 1, © s D72 (5.1)
ij=1 i=1

€T (i), 1 <i<k

Up to scaling (w, @) and d 4, by constant factors, this formulation is equivalent to the problem in (3.1)
with p = 2. In particular, the factor of 1/2 is associated to terms quadratic in the 7r;, which will simplify
expressions later. Following the notation of [51], we define L(w, ) as the 4-way distortion tensor

’ 1 /12
L(w, )y = §|wik — wjl®. (5.2)
For the labelled setting, we also define
/ 1 /()2 :
Citex) = 5dp, (4500, ;)% T =i < k (5.3)

as the cost matrices for matching labels in each label metric space A;. Although our theoretical setup in
Definition 3.1 assumes the existence of labelling functions ¢; and label metric spaces A;, in practice our
computations depend only on the matrices C; and so the labellings are not made explicit. For instance,
C; may be constructed from kernels and thus understood to correspond to squared pairwise distances in
a reproducing kernel Hilbert space.

Using the quantities we have now introduced, the problem (5.1) can be written as

min ! 3 (L(w;;, i), m; @ ;) + Zk:(C ;) 54

el (i), 1<i<k 2 4 YT e '
t ij=1 i=1

By setting appropriate terms to zero (following the lines of Definition 2.8), we can recover the optimal
transport matching problems on generalized measure networks such as measure hypernetworks and
measure networks (both labelled and unlabelled), as well as the standard optimal transport. Additionally,
we can consider regularized variants of this problem which may yield favourable results in practice [8,
22, 51], both in terms of numerical solution schemes as well as properties of the solution:

k k

k
1
min — L(w., o)), 7, @ m.) + C,m)+ > &R.(7). 5.5
mEH(Mi,M;),IEiSkziJZ_1< ( Ui lj) 1 ]) ;( i z> ; 2 z( 1) ( )

A common choice of §2 is the relative entropy 2(7) = KL(7r|u ® u’), which is consistent with the
existing formulations of regularized COOT [53] and Gromov-Wasserstein transport [51].

Solving (5.4) (or (5.5)) amounts to finding minimizers of a (regularized) constrained, non-convex
quadratic program in the couplings (ni)f?zl. Naive solutions of these problems using general purpose
solvers are not scalable [29]. We develop several iterative algorithms to this end: since the problem (5.4)
is non-convex, different choices of algorithm may converge to different critical points. In summary, algo-
rithmic approaches to solving (5.4) or (5.5) can be divided into (a) approaches relying on iterative solution
of the standard linear optimal transport or Gromov-Wasserstein transport as algorithmic primitives, and
(b) approaches based on gradient descent. We refer the interested reader to the Supplementary material
for details. As our examples illustrate, the algorithm of choice depends heavily on the application at hand.
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5.2 Network matching and comparison

In this section, we illustrate the utility of our theoretical and algorithmic framework via network matching
and comparison. We first discuss a connection between Gromov-Wasserstein measure network alignment
and a spectral network alignment method, as well as their respective generalizations to hypergraphs.
Together with numerical results, we show that the optimal transport framework has a better behaviour,
in terms of both accuracy and scalability.

We next consider an application to metabolic network alignment. We model this problem as one of
labelled hypergraph matching (i.e. k = 2 for our partitioned setup), and solve an unbalanced transport
problem due to the lack of a one-to-one matching between network elements. While incorporating
label information alongside the hypergraph structure is essential to obtaining meaningful alignments,
the hypergraph relational structure provides information that is crucial for refining the alignment. That
is, incorporating the hypergraph structure improves significantly upon using labels alone.

Last, we turn to a problem of simultaneous sampling and feature alignment in multi-omics data,
wherein networks are derived from general data matrices (see Example 2.2). This is a problem for which
COOT and AGW have been previously developed [24, 53, 66], viewing data matrices as hypergraphs
where nodes are samples and hyperedges are features. These algorithms fall under our partitioned
framework with k = 2. We show that partitioned networks provide a flexible and general framework
for modelling multi-omics data, leading to improved alignment accuracy.

5.2.1 Relation to spectral network alignment We first comment on the connection of Gromov-
Wasserstein measure network matching to a (perhaps widely known) family of spectral alignment
approaches. As introduced in Definition 2.6, for p = 2 and measure networks (X, u, ), (X', 1/, @'),
the Gromov-Wasserstein (measure network) alignment problem is to solve

1 1
min  —(L(w,0), 7t @7), L, ). = —|w, —w,l? 5.6
cel o) 2( (w,w") ® ) (0, w )ljkl 2|wzk a)]1| (5.6)
which corresponds to partitioned measure network matching of Definition 2.12 with k = 1. This

approach was studied in depth by [31] for network alignment.

Spectral alignment methods are a family of approaches that have gained attention for graph
alignments [27, 27, 45, 47] and also for hypergraphs [57]. Briefly, for two input graphs G = (V,E),G' =
(V', E"), spectral network alignment seeks a node matching between V and V' that optimally preserves
graph structure in a way similar to the Gromov-Wasserstein problem. This leads to a quadratic assignment
problem (QAP), which upon being relaxed amounts to solving for the Perron-Frobenius eigenvector of a
square matrix with dimensions |V x V’| x |V x V’| with all positive entries. We now make this problem
description concrete. We abuse notation and also write G, ng to denote the (binary) adjacency matrices
of the graphs G, G’ respectively.

Feizi et al. [27] defined a matching score, for (i, ), (k,]) € (V x V2

sy (i,k) € EAQ,D) € E
Aju= 15 G EEAGD ¢ E (5.7)
sy otherwise.

Here, s1,5,,53 > 0. In (5.7), the first case corresponds to matching edges to edges (referred to as
‘matches’in [27]) with score s, the second case corresponds to matching non-edges with non-edges
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(‘neutrals’) with score s,, and the final case corresponds to matching non-edges to edges, or vice versa
(‘mismatches’) with score s.

It is immediately clear that A;;; plays the same role (but with opposite sign, since in [27] the aim is to
maximize the matching score), as the tensor L(G;, G;l) in the Gromov-Wasserstein network alignment
setting. While A, is a matching score (larger is better), Ly, is a distortion (smaller is better). The authors
further derived an identity for A (Equation 3.3 of [27]):

A=(5;+5—-25)(GRG)+ (53— 5)(G®1+1®G) +5(111),

which is also a convenient formula for the Gromov-Wasserstein setup, for computing (A, x ® x).
The graph alignment problem is then formulated as a QAP in terms of an unknown alignment matrix
y € RIVXIVI (which by an abuse of notation, we will also write as a vector of length |V x V'|):

max yTAy
Y (5.8)
st. yl<1,y'1<1,ye{0,1}.

Since direct solution of this problem is intractable, Feizi et al. proposed an algorithm called EigenAlign
which first solves a relaxation of (5.8) where the integer and row/column-sum constraints are replaced
with non-negativity and unit-ball constraints:

mgxyTAy
) (5.9)
st. y=0,yl, = L.

The solution to this problem is shown to be v, the Perron-Frobenius eigenvector of the positive alignment
score matrix A. In the second step of the algorithm, the solution v to the relaxed problem (5.9) is projected
back onto the constraint set by solving a linear assignment problem:

max v’ y
Y (5.10)
s.t. y>0:yl<1,y'1<1,ye{0,1}.

This can be understood as solving for y that maximizes its similarity to the relaxed solution v that
also satisfies the bijectivity constraints. The objective function for the Gromov-Wasserstein alignment
problem has the exact same form as (5.8), since (L(G,G), 7 @ ) = vec(m) T mat(L(G, G')) vec().

The correspondence between the Gromov-Wasserstein (5.6) and spectral alignment problems
(5.8, 5.9, 5.10) has some subtlety. Under the simplex constraint 7 € IT(u,u’) the problem (5.6) is
invariant to constant shifts in the distortion tensor L, since for any ¢ € R,

(L(w,0) +c,m @m) = (L(w, ), 7 @) +c.

For binary incidence matrices W,
where n > 0 is a small constant:

a);/. € {0, 1}, we can introduce a shifted version of the distortion tensor,

— 1
L(w, )y = L(w, ©) 3y — 3
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Then L is strictly negative. We can therefore re-write the problem (5.6) equivalently as

min (L7 @)= VCC(JT)T mat(L) vec(w) < max VCC(TL’)T mat(—L) vec(r).
el (u,u') well(p,u)

Therefore, we may choose A = mat(—Z) in (5.8, 5.9, 5.10) since it is a positive matrix. This corresponds
to sy = s, = 1/2 + n and 53 = 1. On the other hand, crucially the objective (5.9) is not invariant under
additive shifts to the matrix A, since

YA+ )y =y Ay + 1Ty

and |17y is not constant on the 2-norm ball. Therefore, while additive shifts of the distortion tensor leave
the Gromov-Wasserstein problem (5.6) unchanged, different choices of the shift lead to different relaxed
spectral problems (5.9). We remark that, since the Perron-Frobenius theorem restricts EigenAlign to
positive alignment matrices, one cannot straightforwardly take A = — mat(L).

The main remaining difference between Gromov-Wasserstein and EigenAlign lies in the constraints:
inequality constraints on the row and column sums of 7 are replaced instead with equality constraints.
When |V| = |V’| and node weights are chosen to be uniform, this amounts to the set of bi-stochastic
matrices. In a sense, the relaxed problem solved by Gromov-Wasserstein departs less from (5.8) than
EigenAlign. Noting that I7(u, /) € Prob(X x X’) and that {x € R¥ : |x| = 1,x > 0} C {x € R¥:
llx]| < 1,x > 0}, the spectral problem solved by EigenAlign can itself be viewed as a relaxation of the
corresponding Gromov—Wasserstein problem. Combined with the observation that Gromov—Wasserstein
obtains a solution in a single optimization step, whereas EigenAlign proceeds through two sequential
steps, this suggests that Gromov—Wasserstein—based network alignment may exhibit more favourable
behaviour, as it preserves the matching constraints throughout the optimization and thereby provides a
more coherent alignment.

This spectral alignment framework can be extended to the problem of hypergraph alignment [39,
44, 57], although hypergraphs introduce the additional complication that in general, hyperedges in a
hypergraph may vary in their degrees. For the simpler case of K-uniform hypergraphs (hypergraphs in
which each hyperedge spans exactly K nodes), the matching score matrix A;;; can be extended to a
|K. Writing y as a |V x V| matching

,,,,,

vector, a generalized matching objective is

max<A,®lK:1y>
y (5.11)
s.t. yl<l,y'1<1,ye{0,1}.

In [57], this problem is tackled in an analogous way to the EigenAlign algorithm (5.8, 5.9, 5.10), that
is, a relaxation of (5.11) onto the unit norm ball is derived which amounts to a generalized tensor
eigenproblem which can be approximately solved using higher-order power iterations [37]. This is
then projected back onto the constraint set by solving a linear assignment problem. Since the spectral
alignemnt approach can only handle uniform hypergraphs, in [57] the authors converted non-uniform
hypergraphs into uniform hypergraphs by introducing a dummy node repeatedly to hyperedges as needed
until all hyperedges have the same degree. In contrast, COOT-based matchings of hypergraphs still boils
down to a quadratic problem (as opposed to higher-order) in the coupling m, regardless of hypergraph
degree. Furthermore, optimal transport handles non-uniform hypergraphs naturally.

9202 1800190 |.Z U0 Jasn asuuesneT ap a)sisAlun Aq 195/ 1/8/2z0Berl/S/S | /a1o1ue /I lewl/woo dno olWuspeI. WoJj Papeojumoq



46 S.Y. ZHANG ET AL.

(a) Erd6s-Rényi network alignment
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FiG. 2. (a) Ilustration of ER random graph alignment problem with noise (edges due to noise shown in red); alignment errors
(measured in terms of the distortion functional (5.6)) achieved by EigenAlign and Gromov-Wasserstein under permutation and
noise. (b) Ilustration of random three-uniform hypergraph alignment problem with noise (hyperedges due to noise shown in red);
alignment errors (measured in terms of the objective (5.11)) achieved by higher-order EigenAlign and COOT under permutations
and noise. ‘eigenalign’ refers to the EigenAlign method, ‘gromov’ refers to the Gromov—Wasserstein method, and ‘coot’ means
COOT method.

5.2.2  Comparison to spectral network alignment for random graphs and hypergraphs  For this first
set of experiments, we use synthetic datasets of graphs and hypergraphs. In Fig. 2(a), we investigate
the relative performance of spectral alignment and Gromov-Wasserstein alignment, considering Erdos-
Rényi (ER) graphs of size N = 100 with parameter p € {0.01,0.05, 0.1, 0.25}. For a randomly sampled
ER graph G, we form a copy G in which nodes have been relabelled via a random permutation. Optionally,
we also add noise in the form of random addition or deletion of edges independently with probability
g € {0,0.01,0.05}. We align G to G using both the implementation of EigenAlign from [27] and
Gromov-Wasserstein using a proximal gradient algorithm (see the Supplementary materials), similar
to the approach taken by [32]. Since the proximal gradient algorithm yields a coupling that is dense but
potentially vanishingly small for most entries (i.e. strictly on the interior of the constraint set), we apply
a ‘rounding’ of the result onto an extreme point of the coupling polytope to yield a sparse permutation
matrix. For each alignment, we measure the alignment error by calculating the corresponding distortion
functional (5.6) to measure the alignment quality. In the absence of noise, G and G are isomorphic since
they are represented by adjacency matrices that are identical up to permutation, and a distortion of zero
corresponds to a perfect matching. Non-zero noise breaks this isomorphism (so that the ground truth
node matching may no longer be the ‘right’ one after adding noise), so the lower the distortion the better
the alignment. In this sense, the distortion is an objective measure of alignment quality rather than the
coupling itself.

In all cases we consider, we find that Gromov-Wasserstein (blue boxplot) finds an alignment that
yields a lower distortion than EigenAlign (red boxplot), shown in Fig. 2(a). At a conceptual level, this
can be understood since the Gromov-Wasserstein problem arises as a relaxation of the QAP (5.8) that
accounts for the quadratic objective and the assignment constraints jointly, whereas the EigenAlign
approach adopts a two step approach, first relaxing the assignment constraint to a norm ball constraint
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(5.9) and then projecting back onto the assignment polytope (5.10). Because of this, the assignment
constraints in the second step cannot inform the quadratic program in the first step.

In Fig. 2(b), we turn to hypergraph alignments. For hypergraphs, the scope of the higher-order spectral
alignment approach is limited to dealing with uniform hypergraphs, and furthermore the time and space
complexity scale exponentially in the order of the hypergraph. We therefore consider random three-
uniform graphs for N = 25 nodes and M = {10, 25, 50, 100} hyperedges. Each hyperedge is obtained by
sampling three nodes uniformly without replacement from the node set. Given a hypergraph H, we form
a copy H by randomly relabelling nodes and hyperedges, and then replacing a fraction g € {0, 0.1, 0.25}
of hyperedges with independently sampled hyperedges. The spectral alignment approach only aligns
nodes (since for uniform hypergraphs a node alignments also induces hyperedge alignments), so we
quantify the quality of alignments in terms of the objective of (5.11) rather than the COOT distortion
which depends on both node and hyperedge couplings. As in the graph alignment case, we find that
COOT alignments (using again the proximal method described in the Supplementary materials) perform
as well or better compared to spectral alignments in all cases.

Spectral hypergraph alignments are restricted to uniform hypergraphs and are computationally
expensive, while COOT does not have these limitations. Measuring the computation time for spectral
alignment and COOT alignment for N € {5, 10, 25}, we find that spectral alignment is several orders of
magnitude more expensive in terms of runtime. Runs for N = 50 with spectral alignment have failed
due to memory usage exceeding the available 32 GB.

5.2.3 Metabolic network alignment Metabolic networks (and chemical reaction networks more
generally) are an example of systems in which higher-order relations are essential to retain information:
chemical species may be modelled as nodes and reactions as hyperedges, which may involve any number
of reactants simultaneously [34]. We consider the metabolic networks of Escherichia coli and halophilic
archaeon DL31, retrieved from the Kyoto Encyclopedia of Genes and Genomes (KEGG) database
[35] with accession numbers eco01100 and hah01100, respectively. We model each metabolic
network as a labelled measure hypernetwork, where nodes are identified with metabolite compounds
and hyperedges are identified with enzymes which catalyse reactions involving multiple compounds
(multiple reactants and products). For simplicity, we discard directionality information and model the
metabolic networks as undirected hypergraphs (i.e. we do not distinguish between reactants and products
within each hyperedge). For eco01100 (the source network) we construct a measure hypernetwork
with 984 metabolites and 1005 reaction terms, and for hah01100 (the target network) a measure
hypernetwork with 679 metabolites and 558 reaction terms. We find that the minimum and maximum
hyperedge sizes are 2 and 9, respectively, in both the source and target hypergraphs. This verifies the
heterogeneous, non-uniform nature of these hypernetworks. We visualize each network in Fig. 3(a),
showing the associations between compounds (nodes, red) and reactions (hyperedges, blue). In contrast
to the previous synthetic example, we now must align two hypergraphs that are non-uniform and different
in size. Within our framework, the unbalanced, fused hypergraph alignment scheme is the most suitable
approach and we demonstrate the effectiveness of this method.

As we mentioned previously in Section 5.2.1, this hypergraph alignment problem was addressed
using a spectral approach by [57]. As the metabolic hypernetworks are non-uniform, dummy nodes
(referred to as ‘null vertices’in [57]) are added to produce a d-uniform hypergraph, where d is the
maximum hyperedge degree in the original non-uniform hypergraph. This uniform hypergraph is then
represented as a |V|¢ adjacency tensor. Due to the size of the alignment tensor, in [57] a fairly involved
computational scheme is described that exploits its symmetry properties. Even so, distributed computing
is necessary to speed up the alignment, which was reported to take over 2 h to match the two networks
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FiG. 3. (a) Genome-scale metabolic networks of E. coli (eco01100) and halophilic archaeon DL31 (hah01100). (b) Nodes
(compounds) and hyperedges (enzymes) ranked by total out-going probability mass as found by unbalanced alignment, coloured by
whether its true match is shared in the target network. (c) Hyperedge couplings for the subset of reaction terms (enzymes) common
to both organisms, found using (left) enzyme similarity only, (middle) labelled hypergraph alignment (with both metabolite and
enzyme similarities provided), and (right) ablated, labelled hypergraph alignment (with metabolite similarities provided, but not
enzyme similarities). (d) Zoom-in on conserved tricarboxylic acid (TCA) cycle subnetwork as shown in genome-scale metabolic
network layout from (a). (e) Hypergraph layout of TCA cycle subnetwork, shown as a rubber band diagram. (f) Alignment of
reaction terms in TCA cycle subnetwork, from left to right: enzyme similarity matrix for TCA cycle reaction terms; and alignments
found using enzyme similarity, labelled hypergraph alignment (with both metabolite and enzyme similarities provided), and ablated
labelled hypergraph alignment (with metabolite similarities provided, but not enzyme similarities), respectively.

(559 metabolites and 537 reactions for hah01100, 794 metabolites and 923 reactions for eco01100)
[57, Supplementary materials].

For metabolite compounds and reaction terms, we construct pairwise cost matrices between the
source and target using a similar approach to [57]. For metabolites, similarity scores are calculated using
the cheminformatics package ChemmineR [15]. For any two enzymes (e;, e,), the similarity score is
taken to be 1/N(e;, e;) where N(eq, e,) is the number of enzyme entries in the lowest common level in
the Enzyme Commission (EC) classification [3]. Since there is not a one-to-one correspondence between
the two metabolic networks, we solve an unbalanced variant (see the Supplementary materials) of the
labelled hypergraph alignment problem between the two hypernetworks using a proximal gradient variant
of the algorithm described in the Supplementary materials, using « = 0.9,¢ = 1073, 1 = 0.1 and 250
and 1000 inner and outer iterations, respectively. This takes less than a minute utilizing four cores of an
Intel Xeon Gold 6242 system, several orders of magnitude faster than the higher-order spectral method
employed by [57].
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To assess the quality of the matching, we use the fact that compounds and enzymes conserved
between these two organisms are known. For a subset of nodes and hyperedges therefore, we have
a biological ‘ground truth’correspondence to compare against. Since only parts of the two metabolic
networks are shared, we expect the unbalanced matching to reflect this and assign more mass to shared
components. In Fig. 3(b), we show reactions and compounds in each organism, ranked by the (log) total
mass assigned to it by the unbalanced matching algorithm. Components that have a true match in the
target network are shown in green: it is clear that more mass is assigned to components with a true
match, and non-overlapping components tend to be down-weighted. These weights can be thought of
as a measure of confidence in the alignment. We remark that the eco01100 network is larger, so a
significant fraction of its components do not have true matches in the hah011 00 network. Despite this,
we still observe a separation in hah01100 between components with and without true matches.

To understand how our alignment method depends on the node and hyperedge labels and relational
information encoded in the hypergraph structure, we perform two additional alignments where some of
this information is hidden (i.e. ablation study). To study the performance of alignment using hyperedge
label information alone without the hypergraph structure, we directly align enzymes (hyperedges) using
the enzyme similarity matrix by solving a standard optimal transport problem using the proximal point
method [73]. We also consider hyperedge alignment using node labels and the hypergraph structure,
when hyperedge labels are hidden. To do this, we set the hyperedge-hyperedge cost matrix to zero and
recompute the alignment with the same parameters using only the node-hyperedge incidence matrix and
the node-node cost matrix. In Fig. 3(c), for the subset of enzymes or reaction terms shared between
both organisms, we show alignments obtained using only hyperedge labels (enzyme similarity), the full
labelled hypergraphs (hypergraph), and only node labels (hypergraph, ablated). Compared to the full
labelled hypergraph alignment result, we find that using only enzyme similarity leads to a much more
noisy alignment, with large amounts of mass assigned away from the diagonal. Suppressing hyperedge
labels leads to a slightly worse alignment of hyperedges compared to the full labelled alignment, but still
significantly cleaner than using hyperedge labels alone.

Finally, we focus on the TCA cycle, a fundamental metabolic process that is conserved between
both organisms. In Fig. 3(d) we highlight this subnetwork, and in Fig. 3(e), we show its rubber band
visualization. In Fig. 3(f), we find that a full labelled hypergraph alignment near-perfectly matches
the components, while the ablated hypergraph alignment without hyperedge labels again does slightly
worse. In contrast, the enzyme similarity score does not provide full information about the matching, and
hence alignment based on enzyme similarity alone performs much worse. Together, these results indicate
that utilizing the hypergraph structure in combination with label information is crucial for achieving a
good alignment between the two metabolic networks, outperforming alignments where either label or
relational information are suppressed.

5.2.4  Multi-omics sample and feature alignment COQT has previously been employed for simulta-
neously matching samples and features between heterogeneous datasets [53]. One particularly popular
example is that of multi-omics datasets, where two or more sets of features (e.g. gene expression
and protein marker expression) are observed in samples (cells) [66]. This problem can be cast in
the setting of hypernetwork alignment by interpreting samples and features as nodes and hyperedges
respectively, and the sample-by-feature data matrix as the membership function. In [66], the application
of unbalanced COOT was demonstrated to improve alignment quality, and in [24] the AGW matching
(see Definition 2.6) is introduced: this corresponds to partitioned network matching when only node-
node information is provided in addition to node-hyperedge relations, but not hyperedge-hyperedge
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information. Here, we consider 1, 000 cells sampled from the same CITE-seq dataset as in [24], in which
15 genes and their corresponding marker proteins were measured.

Partitioned measure networks allow pairwise relations within as well as between partitions to be
modelled, so we incorporate pairwise similarities in each domain. This is in addition to the sample-feature
information contained directly in the data matrix. We choose to capture this by calculating sample-sample
and feature-feature correlations. Under the partitioned measure network alignment framework, we expect
that pairwise structure between samples (respectively features) should be preserved by the alignment.
To get an initial understanding of the data, we show the PCA embeddings and the partitioned network

data constructed from each modality in Fig. 4(a): w(()l;NA’ADT), wﬁNA’ADT) are correlation matrices

between samples and features, respectively, and w(()lfNA’ADT) are the data matrices capturing cell-wise

gene or marker expression. Put simply, we expect that correlated (anti-correlated) pairs of genes should
be matched to correlated (anti-correlated) pairs of proteins, and similarly for cells between modalities.

We then compute an entropy-regularized alignment of the RNA and protein partitioned measure net-
works using the Projected Gradient Algorithm described in the Supplementary materials. We introduce
a parameter @ € [0, 1] to control the trade-off between the contribution of Gromov-Wasserstein type
terms (g, w;;) and COOT type terms (@, ), scaling these inputs by /o and +/1 — e, respectively. We
choose values @ € {0,0.1,...,0.9, 1}. For each partition, different levels of entropic regularization g1 €
{5e —4,1e — 3,5e — 3,1e — 2,5e — 2, 0.1, 0.5} are used, as it is well known that regularization
level may play a role in the alignment quality [24]. Finally, we consider the special cases where pairwise
information (i.e. the Gromov-Wasserstein term) on samples, features, or both, are suppressed. We
implement this by setting wORé\I A’ADT, w]le AADT (4 zero as needed.

For each set of parameter values we compute the alignment, and then calculate the fraction of gene
transcripts that are correctly matched to their corresponding protein in terms of maximum assigned
probability. We show in Fig. 4(b) the best matchings obtained for the settings of partitioned matching,
COOT, and AGW on samples and features, respectively. In terms of identification of features (Fig. 4(c)),
we found that the partitioned alignments and AGW with sample-sample information were both able to
correctly assign 13/15 (87%) features, in terms of maximum probability. On the other hand, AGW with
feature-feature information and COOT correctly assigned 8/15 and 6/15 features, respectively. While
the fraction of correctly matched features by maximum probability gives an indication of the alignment
accuracy, it does not account for the level of uncertainty in the matching. To account for this, we also
calculate the KL divergence of the diagonal (ground truth) coupling relative to the alignment, reasoning
that alignments that produce the correct matching with a higher certainty should have a lower divergence
(i.e. lower divergence is better). We find that the partitioned matching produces a more informative
alignment (KL = 0.502) compared to AGW (KL = 1.027), which can also be assessed visually from the
couplings. Finally, in Fig. 4(c) bottom, we assess the quality of sample matchings in terms of the fraction
of samples closer than true match (FOSCTTM) which is a standard performance metric in the single
cell alignment literature [24], for which a lower value indicates a better alignment. Both the partitioned
alignment and AGW with sample-sample information produce sample alignments of similar quality,
whereas AGW with feature-feature information and COOT have worse performance.

5.3 PFartitioned networks for multiscale network matching

Whereas the previous examples focus on hypergraphs (i.e. partitioned networks with k = 2), our
framework can be used to model multiscale data by setting & > 2. This insight was obtained in
[20]: a multi-scale graph with k simplification levels can be modelled as k coupled hypergraphs. In
the Supplementary materials, we show how the work of [20] can be framed and extended in terms
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Fic. 4. (a) Illustration of CITE-seq dataset shown in transcriptomic (gene expression or RNA) and surface marker (protein
expression or ADT) modalities. For modality m, w6”1 s wg‘O, a)ﬁ"] denote the data matrix, sample-sample similarities and feature-
feature similarities, respectively. (b) Sample and feature alignments obtained using partitioned network matching, COOT and
AGW with sample-sample information and feature-feature information, respectively. The ground truth matching for samples and
features corresponds to the diagonal. (c) Quality of feature alignments in terms of (top) maximum probability assignment (higher
is better); (middle) reverse KL-divergence to the diagonal coupling (lower is better) and (bottom) quality of sample alignments in
terms of FOSCTTM (lower is better).

of k-partitioned measure networks. Specifically, we can model relations between nodes in the same
simplification level, as well as between simplification levels using partitioned measure networks. We
demonstrate the application of our framework for matching geometric networks (obtained from 3D
objects), as well as non-geometric PPI networks.

5.3.1 Multiscale point cloud matching We apply multiscale matching to networks derived from 3D
models of a wolf and a centaur from the TOSCA object database [13]. In [20], COOT was employed
to find semantic matchings between two poses of the centaur graph across multiple scales. In their
experiments, the two poses of the centaur graph have the same number of nodes at each level and
are nearly identical in structure. The COOT framework of [20] is also applicable to finding semantic
matchings between a wolf and a centaur, where the two graphs are significantly different in their size,
connectivity and semantic components. Indeed, the ‘true’semantic correspondence between the objects
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is not one-to-one, since the wolf has four limbs and the centaur has six. In this section, we solve the
multiscale object matching problem using a partitioned measure network formulation and compare it
against previous approaches.

For each input graph, a multi-scale topological simplification was produced using the heat kernel
multiscale reduction of [20, Section 5.3] with k = 3 simplification levels. We take each of the
w;; H,a);’i 41 for 0 < i < 2 to be binary incidence matrices of node-hyperedge relations between
successive reductions. Pairwise relations w;;, a);i, 0 < i < 3 are constructed from the graph shortest
path distances on each simplification level.

In Fig. 5, we visualize the alignments obtained using multiple methods: (first row) multiscale COOT
(using the algorithm of [20]); (second row) Gromov-Wasserstein measure network matching obtained
independently on each simplification level; (3rd row) the multiscale alignment using k-partitioned
networks (the Projected Gradient Algorithm described in the Supplementary materials) and (fourth
row) its unbalanced variant (also described in the Supplementary materials). At each simplification
level, each node in the centaur graph is connected to a node in the wolf graph with the maximum
matching probability. While multiscale COOT finds a matching that is largely consistent across scales,
the matching is very noisy especially at fine scales as evidenced by discontinuities in the colour gradient
in the centaur. On the other hand, independent Gromov-Wasserstein matchings at each simplification
level leads to more locally consistent matchings (continuous colour gradients), but the matching fails to
be consistent across scales; this is apparent, for instance, by looking at the matchings of the head/neck
regions across simplification levels (blue arrows), as well as the arms of the centaur. The multiscale
partitioned network alignment produces a semantically reasonable, consistent matching at each scale,
correctly matching the head, neck, hind legs, as well as tail regions. Due to the difference in the number
of limbs across each model, we observe mismatches among the arms of the centaur, which is not entirely
surprising. Interestingly, a small portion of the front legs of the centaur model is matched to the hind
legs of the wolf (red arrows), seen as a discontinuity in the colour gradient. However, these mismatches
disappear in the unbalanced partitioned measure network alignment. In other words, there is a lack of
one-to-one correspondence between the limbs of a centaur and those of a wolf causing a number of
mismatches, and unbalanced matching may alleviate these issues.

In addition to the visual assessment of semantic matchings, we show in Table 1(a) different com-
ponents of the objective of the multiscale alignment problem described in the Supplementary materials
for the matchings found by multiscale COOT, Gromov-Wasserstein, and partitioned measure network
alignment, respectively. This table provides us with an unbiased quantification of alignment quality
directly in terms of the distortion. These results confirm our visual observations from Fig. 5: Gromov-
Wasserstein alignment at each scale produces the minimal Gromov-Wasserstein loss reflecting preser-
vation of pairwise relations at each individual scale, but a very high COOT loss indicates a lack of
consistency across scales. Conversely, multiscale COOT minimizes the COOT loss while producing the
highest Gromov-Wasserstein loss, which suggests the reverse. The partitioned alignment on the other
hand yields a much lower Gromov-Wasserstein loss, while achieving a COOT loss only marginally
worse than that found by multiscale COOT. These results demonstrate that the partitioned multiscale
alignment is able to incorporate both pairwise and multiscale information effectively to simultaneously
align networks at multiple scales.

5.3.2 Multi-scale biological network matching Our multi-scale network matching approach is not
limited to geometric graphs, e.g. those constructed from a point cloud sampled from 3D objects. We
now consider a dataset of PPI networks [69], in which nodes and edges correspond to protein species and
biochemical interactions respectively. We take G, to be the PPI network of high-confidence interactions
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Fic. 5. Multiscale network matchings: TOSCA wolf and centaur. Each row corresponds to a different algorithm, and each column
corresponds to a graph simplification level. First row: multiscale COOT [20]. Second row: Gromov-Wasserstein measure network
coupling obtained independently on each simplification level. Third and fourth row: the multiscale alignment using-partitioned
networks (third row) and its unbalanced variant (fourth row). Downward arrows: matching of the wolf’s head is inconsistent across
scales for Gromov-Wasserstein alignment. Upward arrows: discontinuity in centaur’s front leg disappears with an unbalanced

alignment.

TaBLE 1  GW and COOT loss for multiscale network matching. (a) TOSCA object matching. (b) PPI

network matching

COOT _loss GW_loss

Gromov-Wasserstein 0.036033  0.010600

Multiscale COOT 0.018261  0.019294

Partitioned alignment (projected gradient) 0.019534  0.012787

(a) TOSCA wolf and centaur: COOT and GW distortion losses.

Method COOT _loss GW_loss Node Edge
correctness correctness

Gromov-Wasserstein 0.058684  0.016181 0.613546  0.967680

Multiscale COOT 0.028927  0.021701  0.036853  0.565782

Partitioned (proximal) 0.030732  0.016125  0.585657  0.964916

Partitioned (block) 0.032357  0.014105  0.597610  0.951580

(b) Protein—protein interaction network: COOT and GW distortion losses, as well as node and edge

correctness.

among 1,004 proteins, and G6 to be the PPI network with 20% more low-confidence interactions. For
each of G, G, we construct a progressive topological simplification using the heat kernel reduction
described in [20], yielding multi-scale reductions {G,-}l.zz0 and {G;}%:O. We visualize in Fig. 6(a) each
multiscale reduction, in which nodes are coloured by the leading non-trivial eigenvector of L , the
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(b) Partitioned Gromov-Wasserstein  Multiscale COOT Ground truth (C) Partitioned GW

FiG. 6. Multiscale matchings for PPI networks: (a) Network layouts of successive simplifications {G;} and {G;} fori =0, 1,2 with
nodes coloured by the leading nontrivial eigenvector of L. (b) Matchings found at each scale using (from left to right): partitioned
measure network matching; multiscale COOT matching; Gromov-Wasserstein measure network matching at each level; and the
ground truth matching. (c) Matchings of Leiden communities induced by the node-level matching between G; and G; at each
simplification level i. ‘Ground truth’ shows the best possible matching of Leiden communities using couplings at this level of
granularity.

graph Laplacian of G,. Nodes in the low-confidence networks G, are also coloured using the ground
truth node correspondence. We then calculate matchings at each scale by employing partitioned measure
network alignment, multiscale COOT, as well as independent Gromov-Wasserstein matchings at each
simplification level.

In this example, we care about the exact node matchings and so we opt to solve the exact,
unregularized network matching problem: for the partitioned measure network alignment as well as
Gromov-Wasserstein measure network alignment, we use a proximal gradient algorithm (described in
the Supplementary materials). In Fig. 6(b), the matchings from each of these algorithms are shown across
all three simplification levels. We also show a set of ‘ground truth’couplings: between G, and Gj,, this
is the identity coupling, whereas between G; and G (for i = 1, 2) an approximate ground truth coupling
is found by calculating a matrix of pairwise correlations between coarse-grained nodes and then solving
a linear assignment problem. From a visual assessment of each of the matchings, we observe that both
the partitioned and Gromov-Wasserstein alignment find matchings between G, and G|, that resemble
the ground truth, while multiscale COOT performs quite poorly: this reflects the fact that multiscale
COOT is unaware of the pairwise adjacency information at each scale. Between G| and G}, we find
that the partitioned alignment continues to resemble the ground truth, but both Gromov-Wasserstein and
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multiscale COOT matchings begin to deviate significantly. Finally, between G, and G}, we find that
Gromov-Wasserstein continues to appear differently from the ground truth.

Due to the non-geometric nature of the input graphs, an effective direct visualization of the matchings
is very difficult. To demonstrate the difference in matching results in a clearer way, we employ the
Louvain community detection algorithm [9], which finds a partitioning of G, (and hence GE)) into
m = 12 communities. Together with the hypergraph coupling between simplification levels i and i + 1,
the matching s; at simplification level i induces a matching of communities. In Fig. 6(c), we show the
induced community matchings for each alignment method, as well as for the ground truth. At level 0, the
partitioned alignment and Gromov-Wasserstein both produce nearly perfect alignments, while multiscale
COQT performs poorly. At level 1, however, both Gromov-Wasserstein and multiscale COOT perform
poorly, while partitioned alignment continues to perform well. Finally, at level 2 from the ground truth
matching, it is apparent that too much information is lost by applying coarsening to the graphs to correctly
identify communities. However, the matching induced by the partitioned alignment is still closer to the
ground truth, for instance in L; norm (L; = 0.265) compared to Gromov-Wasserstein (L; = 0.319) and
multiscale COOT (L; = 0.508).

In Table 1(b), we show the loss terms similar to the previous TOSCA example: we observe that
Gromov-Wasserstein fails to find consistent matchings across scales as evidenced by a high COOT
loss. On the other hand, multiscale COOT leads to poor preservation of pairwise relations within each
simplification level, indicated by a high Gromov-Wasserstein loss. In contrast, partitioned alignments
are able to find multiscale matchings that are consistent within each scale as well as across scales.
Furthermore, the partitioned alignment methods achieve node and edge correctness scores at level O
comparable to those of the Gromov—Wasserstein method, which was shown in [31] to outperform most
competing alignment approaches.

5.4 Geodesics and Fréchet means

In Section 4.3, we introduce the Fréchet functional (4.3) on the space of partitioned measure networks
and calculate its gradient. Recall from Theorem 1 that the spaces of measure networks and measure
hypernetworks isometrically embed into the space of partitioned measure networks, we recover from
(4.3) the Fréchet functional on measure networks [18, 51] and measure hypernetworks [20] as special
cases. For simplicity, we consider the unlabelled case here, although in general our results can be
straightforwardly extended to measure networks with labels valued in an inner product space (see e.g.
[71D).

In practice, a stationary point of the functional (4.3) can be found via gradient descent on the space
of partitioned measure networks using the ‘blow-up’scheme of [18] which progressively carries out
alignment of network representatives as per Proposition 4.11. This approach exploits the empirical
observation that optimal couplings of measure networks tend to be sparse (see e.g. [18, Appendix C]
and [19, Theorem 2]), allowing the geodesics of Proposition 3.9 to be explicitly constructed. While the
approach of [18] handles only measure networks, we implement an extension of [18, Algorithms 1-3] in
order to handle measure hypernetworks. We remark here that, although the question of sparsity of optimal
couplings is open in the general quadratic case, in the setting of COOT between measure hypernetworks,
the alternating scheme of the co-optimal transport algorithm (see the Supplementary materials) is
guaranteed to yield a sparse coupling. This is because each iterate is the solution of a linear program and
is therefore sparse. In what follows, we refer to this approach as the free support method, since the size
of the networks is determined as part of the optimization procedure.
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As an alternative to the more involved free support method, we also consider fixing the networks to
those described by matrices of a fixed size, as done in [51]. This makes the optimization much easier:
as detailed in the Supplementary materials, this problem can be solved by alternating between solving
independent alignment problems and a closed form update for the barycenter. We refer to this approach
as the fixed support method.

In Fig. 7(a), we take three hypergraphs Hy, H; and H, shown as ¢ rubber-band’diagrams in which
nodes are represented as points, and hyperedges are shown as ‘rubber bands’ around the convex hull
of contained nodes. We interpolate between these hypergraphs by computing the Fréchet means of
{H,, H,, H,} with various weights (w,, w;, w,), using both the free support and fixed support methods.
Since the rubber band visualization is unable to represent weighted node-hyperedge relationships, a
threshold (in this case we chose w(x,y) > 1/4) is applied to the membership function w (x,y) before
visualization. As a result, Fig. 7(b) cannot reflect the true nature of the interpolation in the measure
hypernetwork space. In Fig. 7(c), we show the interpolated function w, making the interpolation readily
apparent. We remark that the size (number of nodes and hyperedges) of each interpolating measure
hypernetwork is determined by the blowup scheme (in general, larger than each of the inputs), and that
the ordering of rows and columns in the visualization is arbitrary. In Fig. 7(d), we show the membership
functions of barycenters computed using the fixed support method. We note a close resemblance between
the results of the free and fixed support approaches.

Finally, in Fig. 7(e), we compute the measure hypernetwork distance (per Definition 2.6) from each
interpolated hypernetwork to each input hypernetwork. For true interpolations, we would expect the
distance to vary affinely across the simplex. However, in the case of free support barycenters, we observe
that is not always the case. This suggests that local minima may have played a role in the calculation of the
weighted Fréchet means and calculating the distances to each endpoint, reflecting the non-convex nature
of the distance and alignment computation. On the other hand, for fixed support barycenters, we recover
the expected trend. This reflects the computationally simpler nature of the fixed support method, and
may indicate that the fixed support barycenters are more accurate representations of the true hypergraph
barycenter.

5.5 Linear and non-linear dictionary learning

We may extend the barycenter question and ask for several characteristic partitioned measure networks
that best describe an ensemble of partitioned measure networks, rather than a single barycenter or Fréchet
mean. One common method is to learn a small basis of representatives (or archetypes), such that each
ensemble member can be approximated by a convex combination of these basis elements. Also known
as dictionary learning, this has become a classical analysis approach for vector-valued data [40] and has
recently been extended to graphs [30, 71] and topological descriptors such as merge trees [41] using
the Gromov-Wasserstein framework. We extend dictionary learning to the setting of partitioned measure
networks, which also covers the settings of measure networks and measure hypernetworks.

5.5.1 Nonlinear (geodesic) dictionary learning  We first recall the geodesic dictionary learning prob-
lem first stated in Section 4.3.2. Given an ensemble of N k-partitioned measure networks {Py, ..., Py} =
{P; € *@k}?’:p we aim to find a dictionary ¥ = {D,...,D,,} = {D; € i@k}]'."zl (where m <« N) such
that each P; could be described by elements in 2. Formally, we denote each P; = (X;, u;, »;), and the
geodesic dictionary learning problem is

N
. 1 2
min N l._El dp, (B(_@,ai),Pi) , (5.12)

{Dj};"zlee@k,{ai}ﬁleml
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Fic. 7. Geodesic interpolations between three hypergraphs Hy, H{, H>, shown in (a) as ‘rubber-band’ diagrams. Interpolations
found using the free-support method are visualized in (b) as rubber band diagrams and also directly as their membership functions
w in (c). (d) Fixed support (using 32 x 32 matrices) interpolations visualized as membership functions. (e) Hypergraph distance
d ¢ > (Hj, Hipterp) between each of the three input hypergraphs and geodesic interpolations, for the free support and fixed support
barycenters, respectively.

where B(Z,«) is the barycenter operator (4.5) for Z and each « € A™ encodes the corresponding
coefficients. We derive formal expressions for the gradients of this function in Section 4.3.2. Like related
methods [33, 56], solving problem (5.12) is a non-convex, bi-level minimization problem which is not
straightforward even to find a local optimum. While problems of this nature can be solved using more
involved schemes such as [30], we propose to simplify the problem by taking B(Z, «) to be the fixed
support barycenter operator, where we fix the size (i.e. number of nodes) of the barycenter a priori and
approximate it iteratively (see the Supplementary materials, and [51]). In practice, we also fix the sizes
of the dictionary atoms {D; }’” | a priori and seek a local minimum solution for dictionary networks of
fixed size by a simple gradlent descent.

5.5.2 Linear dictionary learning Even after fixing the support size of barycenters and dictionary
atoms, solution of the bi-level problem (5.12) is computationally demanding due to the need for inner-
loop computations of the barycenter operator. As an alternative, linear dictionary learning approaches
have been proposed [54, 71], in which the (Fréchet) barycenter operator B(Z,«) is replaced with
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its Euclidean equivalent, a weighted superposition of the atoms Z[e] = (X, u, ij: 1 aja)_@/,). Since
reconstructions from the dictionary are carried out in the Euclidean space, this eliminates the nested
optimization arising from the barycenter computation, at the cost of departing from the natural geodesic
structure of the space of (partitioned) measure networks. We remark that in the setting where the data
P; € #,,1 <i < N are sufficiently close together (in the sense of the injectivity radius of the exponential
map), that linear dictionary learning is equivalent to the nonlinear case.

The linearized equivalent of (5.12) is

N
1 2
min — > dgy (21 P)", (5.13)
op, )1 L2 X2 uep). fa)Y jean N 7 o

where, for brevity, we denote the linear combination of atoms in & with coefficients in « to be

m
Dla] = X,M,Zaijj € Z,.
=1

In this formulation, we are given m < N atoms, set {ij}}n:l € L*(X*, ;0 ® 1), and for each input
network P;, we work with a corresponding set of coefficients {«;;}; | such that the reconstructed network
described by incidence matrix Z[«;] is close to P; in the sense of the optimal transport metric. In the
above, we fix the partitioned measure space to (X, 1) respectively. We note that the computation of d g,
involves solution of a nonlinear program for the coupling 77. We can expand the d 5 terms within the
objective (5.13):

, 1
min —
{op, Y, €L (X2 @), (o eam (rie M), N

i=1

N
D UL (ZIey) wp,) 7 @ y). (5.14)
j=1

1

Minimizing in 7; can be done independently and in parallel for each of the 1 < i < N inputs. Fixing
7, we have a non-convex quadratic program in wp, and the coefficients «;;. We solve the problem (5.13)
using a stochastic projected gradient descent.

For an experiment, we consider again the example from Section 5.4 involving three hypergraphs.
We generate barycenters of these three hypergraphs with mixture weights uniformly spaced across a
barycentric grid inside a simplex (i.e. a triangle in this example) using the ‘blow-up’ algorithm. This
procedure produces an ensemble of 45 hypergraphs across the grid, in which the number of nodes ranged
from 6 to 23, and the number of hyperedges between 4 and 17. By construction, the input hypergraphs
Hy,H,,H, are the ground truth atoms, and weights {w;;}, _; -y o<j<> serve as the ground truth mixture
coefficients. In Fig. 8(a), we show the dictionary weights learned by the linear and geodesic dictionary
learning respectively, compared to the true weights. Although geodesic dictionary learning (at least in
theory) accounts correctly for the underlying geometry of hypergraphs, we find that linearized dictionary
learning yields better results in practice. A potential explanation for this result is that linearization avoids
the need to solve a non-convex inner loop problem, replacing this with Euclidean averaging.

To illustrate what we gain by using geodesic over linearized dictionary learning, for each method
we randomly permute the learned dictionary atoms and re-calculate the reconstruction error. We show
in Fig. 8(b) the reconstruction error across 10 independent permutations. In the space of measure
hypernetworks, this amounts to changing the choice of representative for the dictionary atoms. This leads
to an increased reconstruction error for linearized dictionary learning, relative to geodesic dictionary
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Fic. 8. (a) Learned dictionary weights for each interpolation instance using linear dictionary learning (correlation = 0.894) and
geodesic dictionary learning (correlation = 0.809), compared to the true weights. (b) Measure hypernetwork distances between
true networks and dictionary learning reconstructions, under random permutation of dictionary elements. (c) Atoms learned by
linear dictionary learning. (d) Atoms learned by geodesic dictionary learning.

learning: this tallies with geodesic dictionary learning objective being defined independent of choices
of representative. Overall, we find that linearized dictionary learning has an advantage over its geodesic
variant due to computational simplicity, and this is the algorithm we use in the following sections.

Finally, we show in Fig. 8(c and d) the atoms learned by linear and geodesic dictionary learning
respectively. Both methods could reliably reconstruct the atoms shown in Fig. 7(a), which are used to
generate the input ensemble.

5.5.3  Example: stochastic block model for hypergraphs To further validate our numerical algorithm
using synthetic data, we devise a simple generative model for random non-uniform hypergraphs that is
analogous to the stochastic block model in the case of simple graphs, similar to the model introduced in
[25]. For a (possibly random) number of nodes |V| and a fixed number of blocks k, we partition the node
set V into k blocks of size ||V|/k], with one block containing any remainders. A random number, |E|,
of hyperedges are then sampled. With probability p, a sampled hyperedge will span m < [N/k] nodes,
all residing in one of the k blocks chosen uniformly at random. Otherwise the hyperedge will consist of
m nodes sampled uniformly from all nodes in V. The key parameters at play are k and p, controlling,
respectively, the number of blocks and the level of noise.

We set up three block models with k = 2,3,4 blocks and p = 2/3; 50 hypergraphs are sampled
from each model. For each hypergraph, the number of nodes and hyperedges are chosen uniformly from
[16,32] and [24, 32] respectively. We show examples of sampled hypergraphs for each k in Fig. 9(a).
In total, we generate a dataset of 150 hypergraphs. We apply both linearized and geodesic hypergraph
dictionary learning (HDL) algorithms to this dataset to learn three atoms.

To compare against graph-based methods, we apply the graph dictionary learning (GDL) method
of [71] using flattened hypergraphs. These flattened hypergraphs are obtained by taking the sum of
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Hypergraph DL (Linear)
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(1)

K

Fic. 9. (a) Sample instances from the hypergraph stochastic block model for k = 4,3,2 blocks, respectively. (b) Illustration
of hypergraph flattening. (c) Left: learned hypergraph atoms capture the three underlying block models; note the presence of
hyperedges that span the node set between blocks; right: Barycentric projection of learned weights, coloured by the ground
truth label. (d) Learned graph atoms (left) and weights (right) from Gromov-Wasserstein dictionary learning with flattened
hypergraphs as input. (e) 10-fold cross-validation results for SVM classification of hypergraph samples. (f) Coarse-grained
hypergraph representations of dictionary atoms learned by linear HDL.

hyperedges, i.e. % zyj] 1, l;f, that is, putting a weighted connected component in place of each

hyperedge; see Fig. 9(b). As can be seen from the learned atoms and coefficients in Fig. 9(c and d),
HDL is able to accurately learn distinct atoms corresponding to different values of k. By comparison,
GDL finds atoms that appear to be mixed.

We use the learned coefficients from HDL and GDL as features for support vector machine (SVM)
classification. In Fig. 9(e), we show the accuracy in 10-fold cross validation for both (linear and geodesic)
HDL and GDL. For comparison, we also show accuracy achieved by two commonly used graph kernels,
the Weisfeiler-Lehmann isomorphism test and the shortest path kernel [59], applied to the flattened
hypergraphs. We find that both variants of HDL achieve high accuracy, outperforming GDL. We also
observe that linearized HDL outperforms geodesic HDL. Strikingly, the two graph kernel approaches
perform much worse than either HDL or GDL. Finally, in Fig. 9(f), we show rubber-band diagrams of
the atoms found by linearized HDL.

5.5.4 Example: mutagenicity dataset A real-world example is the well known MUTAG dataset
[23] containing 188 small molecule structures, labelled by their mutagenicity (mutagenic or non-
mutagenic). This is a standard benchmarking dataset that has been widely adopted for testing graph
learning algorithms [59]. Starting from a molecular graph where nodes are atoms and edges are chemical
bonds, we propose to lift these chemical structures to partitioned measure networks as follows. Using a
graph heat kernel [19], we construct an atom-atom connectivity network encoding proximity of atoms
in the molecule. We also construct a persistent homology (PH) hypergraph following the procedure
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described in [4] to encode information about geometric cycles: nodes and hyperedges correspond to
atoms and PH generators, respectively. We show the ensemble of persistence diagrams from this dataset
in Fig. 10(a), where points are coloured by the ground truth mutagenicity label; see [48] for an user-
friendly introduction to PH and [26] for the seminal work on the topic. A separation between mutagenic
and non-mutagenic compounds can be visually discerned from these persistence diagrams, suggesting
that PH may be sensitive to molecular features that play a role in mutagenicity. In Fig. 10(b), we
illustrate the computation of the connectivity kernel and the PH-hypergraph from an example molecular
graph.

Taking either the PH-hypergraphs or (heat kernel, PH)-partitioned networks as input data, we run
linearized partitioned network dictionary learning for k = 8 atoms and extract the learned atoms and
coefficients. We reason that the learned dictionaries should capture aspects of the molecular structure
that are predictive of molecular properties such as mutagenicity. Using the learned coefficients, we
train a RBF-kernel SVM for binary classification of mutagenicity. We also apply the linear Gromov-
Wasserstein dictionary learning algorithm of [71] using the clique expansion of the PH-hypergraph
as input. For reference, we consider several other popular approaches for encoding geometric and
topological information in machine learning tasks. Specifically, we compare to persistence images [1]
(PersImg), as well as the Weisfeiler-Lehmann graph kernel [58] using either the molecular connectivity
graphs (WL-conn) or clique-expansion of the PH hypergraph (WL-ph).

We find that both HDL and partitioned network dictionary learning (PDL) achieved comparable
performance, suggesting that information on PH generators alone is sufficient to distinguish between
mutagenic and non-mutagenic compounds in the majority of cases; see Fig. 10(c). On the other hand,
Gromov-Wasserstein dictionary learning exhibits worse performance despite being provided with PH
information in the form of the clique-expansion of the PH hypergraph. This reflects the loss of higher-
order information incurred by ‘flattening’ of a hypergraph to a graph [60]. Similarly, we find that
classification using persistence images (encoding information about the persistence diagram, but not
node-generator membership information) as well as Weisfeiler-Lehman kernels (encoding only pairwise
relationships) perform relatively poorly. In order to ensure a fair comparison across the different methods
we consider, we do not use node labels in this analysis. We remark that our dictionary learning algorithm
can be straightforwardly extended to incorporate vector-valued node labels [71] and we expect that
including that additional information would further improve classification performance.

Figure 10(d and e) illustrates the atoms found by HDL and PDL, respectively. The learned atoms of
the partitioned network dictionary consist of pairwise node-node similarities, as well as node-hyperedge
memberships. The partitioned network atoms capture both local detail as well as topological information
in a coupled fashion. By comparison, with only hypergraph information, nodes with membership in
the same homology generators may be indistinguishable. The dictionary coefficients in Fig. 10(f)
illustrate how each molecule in the dataset is decomposed in terms of soft membership to each of the
k = 8 archetypes (atoms or representatives). From visual inspection, it is already clear that the learned
topics are largely able to disentangle mutagenic compounds from non-mutagenic ones. To quantify
this, we train a linear SVM on the hypergraph dictionary coefficients, and extract the contribution
of each atom towards the ‘mutagenic’ class; see Fig. 10(g). We find that atoms are clearly separated
into mutagenicity and non-mutagenicity contributing factors. In Fig. 10(h), we show example PH-
hypergraph archetypes that are indicative of mutagenicity or non-mutagenicity. For instance, Atom
0, which contributes towards non-mutagenicity, displays a simple PH-hypergraph structure with two
generators that do not share nodes. On the other hand, Atom 4 contributes towards mutagenicity and
displays a complex PH-hypergraph structure with many interlinked generators. These findings suggest
that compounds with more cycles are more likely to be mutagenic, and this is consistent with the chemical
literature [23].
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Fi. 10. (a) Superimposed persistence diagrams (one-dimensional PH or H7) for molecular structures in the MUTAG dataset,
coloured by mutagenicity. (b) Illustration of connectivity kernel and PH hypergraph construction from molecular graphs. (c) SVM
binary classification accuracy for mutagenicity, using different representations or kernels, shown over 5-fold cross validation. (d)
Atoms learned by HDL. (e) Atoms learned by partitioned network dictionary learning (PDL). (f) Dictionary weights learned from
HDL and PDL, respectively. (g) Coefficients learned from HDL weights by linear SVM. (h) Atom 0 (predicted to be associated
with non-mutagenic compounds) and Atom 4 (predicted to be associated with mutagenic compounds).

6. Discussion

We develop a theoretical footing for the analysis of generalized network objects, modelled by the space
of k-partitioned measure networks. We equip this space with a family of metrics d P (» = 1) that

extends the well-known p-Gromov-Wasserstein metric originally developed for measure metric spaces
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[43, 62] and recently applied to measure networks [17] and measure hypernetworks [20]. When p = 2,
we further provide a geometric characterization of the space of partitioned measure networks in terms
of geodesics, curvature bounds, as well as its tangent space. We additionally consider the case where
additional /abels (valued in a metric space) are available. We prove metric properties in the labelled
setting, and for p = 2, we show that our geometric characterizations also apply (when labels are valued
in an inner product space). Based on these ideas, we provide a range of numerical examples illustrating
the applicability of our framework across multiple domains in network analysis and data science. We
believe our work will be of broad interest to the network science, geometry, and statistics communities.

Our work leaves several open avenues for future research. Among these, providing a geometric
characterization of labelled networks when labels are valued in more general spaces, such as Riemannian
manifolds (for instance, conditions for uniqueness of geodesics and curvature). Additionally, a rigorous
analysis of functionals on the space of partitioned measure networks and their gradient flows remains
to be constructed. Whereas we have introduced notions of tangent vectors and gradients and have
formally shown their calculation and application, we have not addressed issues such as the existence
and uniqueness of minimizers in the general case.

On the application front, some of the example applications we have presented could be fruitful
problems to study separately. Among these, we think that multiscale network alignment and partitioned
network dictionary learning are particularly interesting. As an example of a specific application requiring
extensions of our theory, in [74], we develop a partial transport variant for applications in topological
data analysis. Finally, we remark that there are some alternative formulations of optimal transport applied
to tensors [36] that our framework does not cover. It remains an open question whether similar theoretical
results to ours can be established for the tensors.

Supplementary data

Supplementary data is available at Information and Inference: a Journal of the IMA online.
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